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Abstracts

Compositions of generalized fractional integral operators involving Gauss hy-

pergeometric function with power weights are studied. Composition formulas for

such integrals which are the operators of the same type are obtained. In parti-

cular, compositions of two identical operators are given,

| . Introduction

It is well-known that composition formulas for Riemann-Liouville frac-

tional integrals and derivatives

r(i) J’(f(fi?f*a » Rea>0, 0<x<eo, acC,

(1. 9)(x) = (1)
(L yRet-a il ReC) (1), Rea <0,
r(la) f:o (%(jl()ilt,a » Rea>0, 0<x<{o, aeC,

(I'p)(x) = (2)
(___dix)[ke(—a)]+1(Ii—v[Re(—a)]w)(x)’ Rea< 0,

with: power weights, see [ 1], are of importance in the theory of fractional

calculus and the theory of integral and differential equations. The latters were

also led to the appearance of some papers, see [2]—[12], devoted to an inve-

stigation of the generalized fractional integral operators of the form
¢ ST b byer1- Xy dr, 0< x<oo, Rec>0, (3)

,IO+(a,b)<p(x)—fO o 2fita, by De(ndr, x , Rec>0,

x(x—1)"

c t .
o (a, Blp(x) :fo—T(E)__zF‘(a’ bs c; 1-—) (1) dr, 0<x<oo, Rec>0, (4)

oo _ ¢l
IXa, 00 = [ Fia, by e 1-30(0dr, 0<x<To, Rec>0,  (5)

oo _ c~1 )
JdCa, b)p(x) =f —(t—r(%—zF,(a, b; c; l—i—)w(t)dt, 0<x<oco, Rec>0, (6)

* Received Dec. 26, 1989.

—1656—

© 1995-2005 Tsinghua Tongfang Optical Disc Co., Ltd. All rights reserved.



with the Gauss hypergeometric function ,F(a, b; c; z), in the kernels.

The main purpose of the present paper is to study compositions of the ope-
rators (3)—(6) with power weights and various parametersa, b, and ¢ which led
to the integrals of the same form. In section 2, we prove a general proposition
(Theorem 3) that characterizes the fractional integrals (3)—(6), and power
weights whose compositions are the operators of the same type in some special
functional spaces. Here we essentially use the index laws for fractional integ-
rals and derivatives (1)—(2) (Theorem 1) and the formulas represented the ope-
rators (3)—(6) by the integrals (1)—(2) (Theorem 2).The latter was made early
by E.R.Love [2]—[3] and O. L. Marichev [1, § 10] for L,-functions,see Remark
1. In section 3, we obtain the composition formulas for two idéntical operators of
the form (3)—(6) in the same special functional space (Theorem 4). The formu-
las of such kind were given by M. Saigo [5], see also [11]—[12], for the ope-
rators
x*F
I'(a)

TP f) (30 = fox(x— D" LF(a+B, ~nsas 1 —=) f(r)dr,Rea>0, (7)

(I87f)(x) =

1 el a-
Foay ) (1m0 P F(a+ B, ~nsa; 1-=0) f(1)dr, Rea>0, (B)

for weighted L,-functions, see Remark 3.
2 . Main theorems -

Let y be a nonnegative real number, ¢ be a contour o¢={1/2-ico,1/2+
ico}. We denote by mgt;,(L) and L’ the spaces of functions f(x), 0<x< oo,
represented by

S0 ==Lo] fA9x7ds, [9) =57 Fs) TS
where F(s)eL(g) and F(s)¢L,(o) correspondingly. We denote by X, s the space
X, s={f(x): f(x)=x’g(x) where g(x)em,' (L) or L,"%”} (10)
Theorems 36. 17—36. 18 in [ 1] give us the proposition about composi-
tions of fractional integrals and derivatives (1)—(2).
Theorem | Let Ij, and I’ be the operators (1) and (2). Let (a,,+,a,),
(@y,%,a,), (Byy+5B,), (By,+,B,) be four sets of any complex numbers,

Koo Lo
y=max{0, max)_ (a; —a; ), max}_ (B, ~8,,)
j=1 !

Jj=1
(iyyoees i) C(Lyoeeyn)y (g, 000, 8,)C (1,000, m)}, (11)
_1 _1
lgnilg)’fRea, 2<6<1£nja£meeﬂj > (12>

Then the operators xFII(f;'”_'x’“f(i: 1,2, e»e,n) and fo‘Iff_Ex*ﬂf (j=1,2, 0y m)

are commutative in the space X, ;. Moreover if (a,,++,a,) and (B, ... B,) are
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some rearrangement of (a,,-,a,) and (8,,--,8,) correspondingly then compo-
sition of the above operators is an identical operator

[T (x 1 ax O [[(x 5Bl fio=flo, f(0eX, , . (13)
i=1 j=1

Applying Parseval equation for Mellin transform (8 ), see [ 1 ], we obtain

1 I'ii-a-s+d)

o ) = I - st o)

gr s X’ ds,

f(x)€X, ,, y=max(0,Re(a—a)), 6>Rea—~é—, (14)
x‘?lf‘ﬂvx"?'f(x): l.f T(g+s) 5-s
2mi o~—1,—(—-—+:a—g"‘(s)x ds, {
fix)eX, s, »=max(0,Re(f-B)), 6<Rea—7, (15)
- X IO AN —ay sa,—a,) XN f(X)

= XOTETE [T 8 (g~ a-a )X f(X)
1 I'l-a —s+0)I'(1—a,-s+6)
27 L Frl-a,-s+6)F1-a,—s+3)

g X’ s, flx)eX,  , (16)

y=max(0,Re(d, - a,), Re(@,~a;)), 6> max(Rea, ,Rea;) — 5  (17)
xF:*’/?—z'ﬂlslfl"'ﬂz'ﬂ—l‘ﬁ_z( ﬂl — B-Z.’ﬂl — F] )x'ﬂzf( X)

= anJI_ﬂn*ﬂrlTﬁE(ﬂl — ,Fz "BZ_B‘Z)X z_ﬂl'ﬂzf(x)

1l LB TPyt 8) y b5

=~ L FB s oI prs) g’ ds,  flxeX, 4, (18)

»=max(0,Re(B,~- B,), Re(B,— B,)), §<max(Ref, , Reﬁz)——;-. (19)

From these, we deduce the following theorem

Theorem 2 Let a,,a,,2, a5,5,,8,,8,, 6, be any complex numbers, Ig_,

I°,,I5 (a, b), ,15.(a, b), ;1%a, b), I°(a, b) be the operators (1)—(6), X, ; be
the space (10). If » and J satisfy the conditions (17) then
BT B (g, - @y @y ay) X ()
= xOTETA O ATy — g g - @) X f(x)
= (RIS ) (xR I8 ) f(x), (20)

if » and J satisfy the conditions (19) then
= xﬁslfﬁﬁf?ﬂ‘&(ﬁl _ Ez’ B, Ez)xiz_ﬂl‘ﬂzf( x)
.= XE'J(KfﬂKJf'+ﬂf§"iz(ﬁ1 - Ez s By~ El)xAﬂzf(x)
= (PP BBy (xPr g BB ) f(x) ' (21)
Remark | When the operators (3) and (4) are taken on the finite segment
(0,d) and (5) and (6) on the halfaxis (d, o) 0<{d<<eo, and f(x)eL,(0,d) and
f(x)eL,(d, o) correspondingly,the equalities (20) and (21) have been obtained ear-
lier by E. K. Love [2]—[3] for p=1 and O.1.Macrichev [1, 10] for p>1.
The following theorem characterizing various compositions of the operators
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(3)—(6) which are the same type follow immediately from Theorem 1 and

Theorem 2.

Theorem 3 Let (a,,*=,a,,), (Bi;58,1,), (/41,'",/41,), (01 5+, v;,) be four
sets of any complex numbers and (a,, e, @,,), (Byy**s Bamds (Hys*ostin)s (0) oo,
7,,) be some of their rearrangements. Let X,.s be the space (10) where

N _ M _
y=max(0,maxRe ) (e, —a; ), maxRe} $- - §;),
j=1 j i st i
L _ K
maxRe Y (u; —p4; ), maxRed (p-—0.), (ij,=e,iy)C(1,4,2n),
j=1 J J j=1 i i

<T,,'---,TM)C<1,---, 2m), (5,000, 5, ) (1000, 210, sy yoee, 50T (1,000, 20))  (22)

max (Rea,,Ref,) —+-<6< max (Rey ,Res,) (23)
1<i<2n 2 1<i<2l
N 1< j<2m 1< j<<2K

if f(x)eX, , then

Ty,

n_; - - — — —
+ -a;- a,, ,—a
[T x TG e @ %n(a, — @y @™ @y ) X

! T +F -3 ) B, -F, I B Y B
xBithBim ﬂ,zl(ﬂ,w,.m B, ﬂ"”(ﬁj—ﬁpmsﬁj‘ﬂj)x Biem

o

~.
]
e

P - - - —
By JH A Hy— My~ Uy - _ Hoer— M~ lt
xH I’ ! ’(/4; Heiy s Hsvy /45+1)x o R Rt

o

£
i
—

S AT, - -7,-7, - —\ vtk
x”1+yv+k ”«31f«+1/v+k L3 ”k(yr—Dﬁ’k’vr—yr)xur f(x)

—

—

=

" -7 — — _ -

- a, Fa,+ta,,-a,~a,, _ _ a,,,~a-a,

- H X 11101 ' o fen(a; AivnsQisq ai+n)x ! e
Y

m " = TeF g - — — =
H xﬂ,+ﬂ,+,, ﬂ,zl&*»ﬂ,,... B, ﬂ"”(ﬂj"ﬂ,wm’ ,B,-—,B,)x Bien
j=1

" T — — o
.IJ_I1 xl‘;}]_/‘x Hopi = Hy ””I(/'ls—ﬂs+l’”s+[~#.ﬂ’l)xﬂul M~ Hont
s
7 -3 > 4D~y — — — —7
. 1 x”v+”nk D24>1_’)1+Dx+k v, an(yza Vorks U,_U,)x ”r+mf(x) . (24)
=
. o Loy /4
The signs [] and [] mean that the products are taken over such mul-
i=1 i=1 .
tipliers for which Re(a, +a,,,~a,~a,,,)>0 and Re(a,+a;,,~a,-a,,,)<0 res-

pectively and the same for other products.
3. Compositions of two operators of identical type

We consider the particular case of Theorem 3 when there are in (24) only
there operators of identical type. The corollary of Theorem 3 is the following
theorem about the composition formulas for the operatoré (3)—(6).

Theorem 4 Let a, (i=1,++,6) be any set of complex numbers and 8, (i =
1,+,6) be some of their rearrangements such that Re(a,+a,- 8, - 8,)>0, Re(a, +
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~B)>0. Let X, , be the space (10) where d¢R' and

7= max[(0, maxz (B—a;), Giyyeesi)CH{L,2,3,4,5,61) (25)
If f(xeX, ;, é} g}i)éRea TR then
xﬂ,ll&;*arﬂ, ﬁz(al_ﬂz 902_ﬂz)xﬂﬁﬂf‘z'_azlIg»fwrﬂrﬂ'(“s‘:34’04“,34)
cP BT (x) = X AL T (B —ag, Be— ag) X PP f( x) (26)
xﬂ'+ﬂfa'21<;l+l+az_ﬁ‘_ﬂz(al_ﬂzaax'ﬂl)-"ﬁﬁﬂ‘-az_as2I:f+arﬂrﬂ'(as'ﬂuas—ﬁs)
XS f(x) = x0T TR (B~ B~ as) X P f(x) 27)
If f(x)eX, ,, (5<122)§Rea;—;—, then
I h g~ g g, - )T [T g~ B s~ By)
P f ) = 0 IR (B~ a, Be—ag ) X BT R f(x) (28)
b gt b g — By yay— ) XTI BT (g — B ay - By)
X U f(x)= x0T Pt b aTa g g Bi—a)x P f(x) . (29)
According to the conditions of Theorem 4.
(a,+a,— B~ B+ (ay+a,~ By~ By)=Bs+ Bs—as— a,. (30)

T herefore the equalities (26)—(29) are some analogues of semigroup proper-
ties
LI =137 f, I'1’f=1""% (31)
for fractional operators (1) and (2). We consider some special cases of these
formulas for the operators I, and ,J, .

l. :BS’ a,= ﬂsa a=f,, a,= ﬂ(,s as=p8,, ag= Bas
We write
a=a;-B,, b=a,-B,, c=a,+a,~ - B,, A= fs—a,,
a=a;— By, b=a,~ By, c=a;+ta,~ - By, B=Ps—a4. (32)

One may check that A=ag+a, B=b=c+b in this case. Therefore (26) and
(27) reduce to
5@, b)) x IS (@, e+ b)x” flx) = I§ (a+a, c+ o flx), (33)
x4 I (a, e b)x I (a, —b) f(x)=,I{ (a+a,c—b) f(x). (34)
2. a =84y a;= B3, a5= B, a,= B, as= By, ag= By,
,Ioi(a,b)x 10+(a c-a-a+tb)x"fix)= IIOC+C(a+a b+c—a)flx), (35)
XI5 (ay, c— b x 2I(,+(a a+a-b)f(x)=,I (a+a,cta-b) f(x). (36)
3. =Bes a3 ﬁs’aa =Bs=B¢s as=py, as= By,

a

10+(a byx 1 (b+c,b+c)x f(x)—110+°(b+c a+tb+c)f(x), (37)
XS (ay - b)Y X U GIS (b e, - B) X f(X)
2I(,J"(b+c,c a-b) f(x). (38)
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4. =Bss 3= By, a3=Py, ay=B¢, as= By, ag= Bs,

I (a, b)) x IS (—a, bt e)x” =I5 f(x), (39)
x I (a, o= D)X I (—a, = b) fO0 = I f(x) . (40)
5.a,=8,, ;= By, a3=PBss @4 = B¢, a5=f,, as=fs,
I, I&(a D) fx)= 1§ (a, B) f(x), (41)
xI§,x 5. (a, c- B) f(x) =, 1§ “(a, e+ c—B) f(x). (42)
6. =B, a,= By as=Bs, ay=Be, as=8,, =5,
X I8 (a, B xS f0) = I§ (e -a, ¢ B) f(x), (43)
XTI XTI Ca, - BYxS Tl f(x) =I5 (c=a,c+ D) flx). (44)
7. a=8s, a;=83, a3=B,, a,= B¢, as= ﬁxs ag= By,
g (a, ) x I, X f(x) =I5 (a, b+0) f(x), (45)
Ay (a, c— b)10+f(x)‘21””(a c-b)f(x). (46)
8. =By, ay=Bs, a3= By, a,= B, as= Bys as=84,
IE XTI, X fx) = IS (e, ) fix) =X I (e, e+ e~ dxf(x). (47)
9. =B85, ay=PBy, a35=f,, ay,= B4, as= By, as= B¢,
Ig(a, —c)x” 10+x f(x) = 1§ f(x), (48)
x I8 (a, e+ Igx" flx) = IETSf(x) . (49)
0. =By a7 By @37 B4y a4= By as= By, ag=hs,
’ Io+10+f(x)—1”6f(x). (50)

Remark 2 The equalities (28) and (29) are obtained from (26) and (27) by
taking ,/_ and,/_ instead of Iy, and ,I,, . Therefore the formulas (33)—(50) are

true with ;i _, ,7_and I_instead of Iy, ,,J,, and I, .

+

Remark 3 The connection between the operators (4 ) and (7 ) is given by

A (ay b) f(x) =x I 70 flxo . (51)

Therefore (34) and (36) can be rewritten in the form ‘
IcaCbclcacbf(x)_1c+ca+accb0f(x), (52)
1o b- cIC,a Gib-a- af(x)_Ic+c,a+7~c—a3—b-2f(x). (53)

Using Remark 2 and connection
Ja, b) f(x) =127 f(x)
between the operators (5) and (8 ) one may obtain formulas (52) and (53) for
the operator If"g”.‘ The latter such as (52)—(53) coincide (after suitable chan-
ge of parameters) with the ones given by M. Saigo'®?! for the function f(x)e
L,((0,00),x"), 1< p<loo,
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