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Abstract In this paper, we consider a system of highly nonlinear multi-
species diffusion-reaction equations with homogeneous Neumann boundary
condition. All reactions are reversible (see (1.1)). For this system, the exis-
tence and uniqueness of the weak solution are proved on the interval [0,T)
for any 7' > 0. We obtain, global in time, L°°- estimates of the solution
with the help of a Lyapunov functional. For the existence of the solution, we
use Schaefer’s fixed point theorem, maximal regularity and Lyapunov type
arguments.

Keywords Global solution, nonlinear parabolic equation, reversible reac-
tions, Lyapunov functionals, maximal regularity.

MSC(2000) 35K57, 35K55, 76505, 47J35.

1. Introduction

Recently Krautle (cf. [9], [10]) has shown the global existence and uniqueness of
the solution in [H1?((0,T); LP(2)) N LP((0,T); H*?(Q))]! of a system of diffusion-
reaction equations for a multi-species reactive transport problem, where  is the
given porous medium, [ is the number of chemical species and p > n+1. He showed
that with the help of a Lyapunov functional, we can be able to obtain some a-priori
estimates which are global in time and these estimates will help us to show the
existence of a unique weak solution on the time interval S := [0,T") for any T > 0.
But to our knowledge, it seems that this idea has not been fully excavated to its
full strength when the solution u(t) has derivative only upto the first order, i.e., if
only u(t) € H*?(Q). In this paper, we show the global existence and uniqueness of
the weak solution of a system of nonlinear multi-species diffusion-reaction equations
under appropriate initial and boundary conditions (see equations (1.2) - (1.8)) in
[HYP(0,T; H»9(Q)*) N LP(0, T; HP(Q)))! for p > n + 2, where % + % = 1. The
lower regularity of the data involved gives more freedom for applications and it
seems that this is an appropriate setting for dealing with homogenization problems
(cf. [14]). The ingredients for the existence of the solution are a Lyapunov functional,
Schaefer’s fixed point theorem and a result from [17] which is based on the maximal
regularity of differential operators. We investigate the following model:*

Let Q@ C R™ (n > 2) be a bounded domain with sufficiently smooth boundary
09Q. Let I be the number of mobile species present in the carrier substance (e.g.

fthe corresponding author: mahato@math.uni-bremen.de(H.S. Mahato)
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®The proposed mathematical model is inspired from the work of Kréutle, see pages 13-16, 66, 74
in [9].



358 H.S. Mahato and M. B6hm

water) in the domain . These species diffuse and react with each other. The
reactions are reversible and given by

leXl +’7’2ng + ... +7’]ij - Vlel + I/QjXQ + ...+ I/[jX[, for 1 S ] S J, (].].)

where X;, 1 < i < I, denotes the chemical species involved in J reactions. The
stoichiometric coefficients —7;; € Z; and v;; € Zo+ respectively. Let u; denote
the concentration of X; and set u := (u1, ua,...,us). Then the system of diffusion-
reaction equations of these species is given by

g—? — V- DVu=SR(u) in (0,7) x Q, (1.2)
~DVu-i=0 on (0,T) x HQ, (1.3)
u(0, z) = ug(x) in Q. (1.4)

where SR(u) is the reaction term and D > 0 is constant. Here S is the I x J-th
order stoichiometric matrix with entries s;; = v;; —7;; for 1 <i <JTand1 <5< J,

and R = (Rj)1<j<J is the J-th order reaction rate vector whose j-th component is
given as o
b
R;j(u) = R} (u) — Rb(u), (1.5)
where
I
R;c (u) = forward reaction rate = k}c H Uy, (1.6)
m=1
Smj<0
and ,
Rg(u) = backward reaction rate = k;’ H upma, (1.7)
m=1
Smj>0

where k]f and k:? > 0 are the forward and backward reaction rate factors respectively.
Therefore the reaction rate term for the i-th species is given by

J
(SR(u)); =Y _ si; R;(u)

j=1
J
=Y sy (R;.‘ (u) — Rg(u))
j=1
J I I
= Zs” k‘]f H u,,* ™ — kg H upmi (1.8)
j=1 m=1 m=1

We denote the problem (1.2) - (1.8) by (P).

2. Notations and some preliminaries

Let 1 < p,q < oo be such that % + % = 1. As usual, LP(Q2) is the space of real-
valued measurable functions u such that |u(-)|” is Lebesgue integrable with the
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usual modification for p = oo and the corresponding norm is given by

[/ lu(x)|” dx} T ofor 1< p < 00,
Q

||UHLP(Q) = (2.1)
ess sup |u(x)] for p=ooc.
e
HYP(Q) is the usual Sobolev space w.r.t. the norm
[l () + [IVullZ ) for 1<p<oo,
||U|‘H1,p(sz) = (2.2)
ess sup [|u(z)| + |Vu(x)|] for p=o0c.
€N

H19(Q)* denotes the dual of H9(£2). We define a continuous embedding LP(Q2) <
HY9(Q)* as

(f,0) mra@ysxaa@) = (f,0) o)< na(a) for f € LP(Q), ve HY(Q).  (2.3)

For k € Z$, C*(Q) denotes the Banach space of all k-times continuously differen-
tiable functions w.r.t. the norm

lullor @y = Z sup |[D%u(x)| . (2.4)

| <k 7€
Suppose that 0 < v < 1. C7(Q) consists of all functions u € C({2) such that
u(z) —uly
lullony = Ny + sup = < o 25)
@y

|z —yl”
Ay

We introduce the Sobolev-Bochner space as
Fim @)= {u e DT @) G € PO.T5E @) ]
= H"P((0,7); H-1(92)") N LP((0,T); H*()), (2.6)

where 4 %¢ 1s the distributional time derivative of u and for u € F,

du

= |u||Lp((o7T);H1,pm))+||u||Lp((0,T>;H1,q(m*)+\ du

Lr((0,T); H4(2)*)
For 0 < 6 <1, let
(H"1(Q)", Hl’P(Q))e’p — the real-interpolation space between H'9(Q)* and
HYP(Q) (2.8)
and

[Hl"q(Q)*7 Hl’p(Q)} — the complex-interpolation space between H'?(Q)* and

]_117110(9)7 (2.9)

0

endowed with one of their usual equivalent norms (cf. [3], [18], [12]). Finally, C
denotes a generic positive constant which is not same all the time.
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Lemma 2.1. F < C([0,T}; (H"2(Q)*, H"*()); 1 ).

Proof. See theorem 4.10.2 in [1], or proposition 1.2.10 and remark 1.2.11 in [12].

O
Lemma 2.2. Let p > n+ 2, then F —— L*((0,T) x ).
Proof. Step 1. We notice that
t !
1o0) = oty = | | o/
to Hba(Q)*
t ’
<[l
/to (=) Hba(Q)*
t ’ P % t %
<1 o] [
to Hba(Q) to
1
§ HUHHLP(((),T);Hl,q(Q)*
llv(t) — v(to)ll graq)-
T <ol o o sy - (2.10)
|t —to|
This implies HYP((0,T); HY9(Q)*) < C%([0, T7; Hlvq(Q)*), where § = 2 =1— 2.
Step 2. The condition p > n + 2 1mphes 5+ 35 5 < 1 — 2. Choose \ € < (% + %)

—1
(1 — %) ,1) and set n := A(1 — %) Then by the reiteration theorem on real-

interpolation

o) = vt )|l (1.0, 10 (), 4

I~ t0|5(1’”
l[o(t) — U(t0)||(Hlvq(Q)*,HLP(Q))le%),l
) £ —tol"* Y
[[o(t) — U(t0)||(HLq(Q)* (H2(Q)*, Hl‘p(ﬂ))u,%)’p)/\,l
= It — |5(1 N
[o(t) = 0(to)l [ 0 A
e PNGY EL o o) = v(t) srr.acye e,
_ O P’
Y
[[o(t) — U(tO)HH%q(Q)*
<C X2 sup ||v a(Q)* HLwp
( |t—to|5 te(0,T) I ()H(Hl (@ HEP(D); 1,

» <||v<t> — 0(to)llgr1.0(-

1-X
A
It —t |5 ) X ||U||C([07T];(H1,q(g)*7H1,p(9))17L BE (2.11)
—to L,

Therefore, by step 1 and lemma 2.1, it follows that F' < CA([0,T]; (H“1(Q)*,
HYP()),1), where £ 4+ 2 s <n<l-—3 and B=0(1-N).
Step 3. We have the followmg embeddlngs (cf. theorem 1.3.3.d in [18] and corollary
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5.28 in [13])

(HM(Q)", HYP(Q))g = (HY(Q)", HYP(Q))n > H'7HP(Q) = C(Q),
where a =21 — 1 — % > 0. Therefore combining the steps 2 and 3, we obtain

F < CP([0,T];C*(Q)) = C7([0,T] x Q) == L=((0,T) x Q),

where 0 = min(q, ). O
Lemma 2.3. Letp >n+2. Then (H-9(Q)*, Hl’p(Q))P%’p —— L>(Q).
Proof. Let us denote Ey := H"4(Q)*, Ey := H"?(Q) and E;, 1 , := (H"7(Q)*,
HY7(Q)),_1 By lemma 3.4 in [8]: [Ep, Ex]s < LP(2). From this and the

P
P
reiteration theorem on real-interpolation, we obtain

iy, = ([Bo, Bily, [Bo, i)z, = (LP(Q), HY(Q)), 2, = H'759(Q).

2P
Thereexistsat>Osuchthatp>n+2:1—%‘2 >t>O:>1—%>t+%.
From theorem 4.6.1 (e) in [18]: H'~27(Q) — C*(Q). Since C*(Q) —— L=(Q),
H'™57(Q) < OYQ) < L®(Q). Therefore (H-(Q)*, H'P(Q));_1, <>

L=(Q). O

Lemma 2.4 (Schaefer’s fixed point theorem). Let X be Banach space. Assume that
Z : X — X is a continuous and compact mapping and the solution of the set

{ue X|INe€[0,1]:u=AZ(u)}
is bounded. Then Z has a fixed point.

Proof. See theorem 4 in section 9.2.2 in [7]. O
Next we introduce the norms on the vector-valued function spaces. Let I € N
and u: Q — R!, and set

[LP ()] := LP(Q) x LP(Q) x ... x LP(Q). (2.12)

I-times

For u € [L?(Q)]" the corresponding norm is given as

p

T
[ [Z ||uz-||’zp<m] . (2.13)
i=1
Similarly,

el = mma, il oy (2.14)

1
I »
alll ey = [ZIqu‘IZl,p(Q)] : (2.15)

i=1

|||U|H[H1‘°°(Q)]I = max ||ui||H1v‘X’(Q) ) (2.16)

1 P
|||U|H[H11f1((2)*]1 = lz ||ui||€11,q(9)*] : (2.17)

i=1
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We define
Fu = [HY((0,T); H(Q)") N LP((0,T); H'(2))]" (2.18)
and
U 1 * 1 1
= |(HQ S HYPQ), ) (2.19)
For u € Fy}
1
I P
ulll 2y = lz ||Ui||%] (2.20)
i=1
and for v € X;f
1
I P
el = [Z |vi|€H1,q(m*,H1,p(m>l1@] . (221)
i=1 B

Definition 2.1 (Weak formulation). A function u € F' is said to be a weak
solution of the problem (P) if it satisfies

9
0 < g)j ¢> + / (DVu(t,z), Vé(x)), d
[HYa(@) ]I x[Hb (@] /9

= <SR(u(t))7¢>[HLQ(Q)*]I><[H1,LI(Q)]I
for every ¢ € [H"4(Q)]" and for a.e. t. (2.22)
(#3) u(0,2) = wup(z) in . (2.23)

Let the following assumptions hold:

(i) p>n+2, (2.24)
(i) wo >0, ie,uy, >0foralli=1,2,..1, (2.25)
(iii) wo, € (Hl’q(Q)*,Hlvp(Q))l_%J) fori=1,2,...,1, (2.26)
(iv)  All reactions are linearly independent such that the stoichiometric matrix
S = (s;j)1<i<r has maximal column rank, i.e., rank(S) = J. (2.27)

15550

QOur main result reads as

Theorem 2.1 (Existence theorem). Let the assumptions (2.24) - (2.27) be satisfied,
then there exists a unique positive global weak solution u € F}' of the problem (P).
3. Maximal regularity

Definition 3.1. Let 1 < p < 0o, X be a Banach space and A : X — X be a closed,
not necessarily bounded, operator, where the domain D(A) of A is dense in X. A
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is said to have the maximal LP-regularity if for every f € LP((0,T); X) there exists
a unique solution u € LP((0,T); D(A)) N H*?((0,T); X) of the problem

dzgf) 4 Au(t) = f(t) fort >0, (3.1)
u(0) = 0. (32)

which satisfies

H“”Lp((o,T);X) + ||utHLP((O,T);X) + ||u||LP((O,T);D(A)) <C ||fHLP((O,T);X) , (33)
where C' > 0 is a constant independent of f.

For a detailed overview on maximal regularity, we refer to [2,5,11,15,16] and
references therein. Now we set D(A) := HP(Q) and X = H(Q)*. Clearly,
d
D(A) € X.* Let p = (fij)1<i<n be a positive definite symmetric matrix-field,
12520

where y;; € C(Q) and there is a constant C' > 0

Z wij(2)¢i¢ > C|¢|? for all ¢ € R™ and z € Q. (3.4)

ij=1
We define a sesquilinear form a(u,v) : H'?(Q) x H»4(Q) — R by

a(u,v) = /Q;LVU -Vudx + H/qu de for u € H'P(Q) and v € H>(Q), (3.5)

where k > 0. We further define an operator A : H'P(Q) — H%(Q)* associated
with the form a(u,v) by

(Au,v) :=a(u,v) for u € H"P(Q) and v € H"(Q). (3.6)

In [4] and [5], it is shown that: (i) HAiSHL(x) < Kelsl for some 0 < 0 < Z, s € R,
where K > 0 and (ii) (—o00,0] C p(A) (resolvent of A) and ||(X + A)‘1||L(X) < %‘/\'
for every A € [0,00), where C' > 0. By a theorem of Dore and Venni (cf. [6]), A has
maximal LP-regularity on H7(Q)*.

4. Proof of theorem 2.1

Strategy of the proof: We modify some parts of the methodology of Krautle
(cf. [10]) in order to prove the positivity, existence and uniqueness of the global
solution of the problem (P). Before dealing with (P), we consider a slightly modified
problem and introduce the rate function R : R’ — R” as

R(u) := R(u™), (4.1)

where ut is the positive part of u defined componentwise as

d
*A C B means that A is dense in B.
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ui = max(u;, 0),
u; = max(—u;,0) = —min(u;,0) (4.2)
and U; = uj —u; .
Replacing R by R in (1.2), we get
ou ~ .
i V- DVu = SR(u) in (0,7) x £, (4.3
u(0, z) = uo(x) in Q, (4.4)
—DVu-i=0 on (0,T) x of. (4.5)

Let us denote this problem by (P*). We will prove the existence of a global solution
of (PT). Since we show that the solution of (PT) is non-negative, it solves (P).
We conclude this section by proving the uniqueness of the solution of (P). We
commence our investigation with the positivity of the solution of (PT).

Lemma 4.1. Let (2.24)-(2.27) hold and a function u € F} be the solution of (P*).
Then u; >0 on (0,T) x Q for all i.

Proof. The proof follows exactly as the one for lemma 2 given in [10]: Let Q7 ()
be the support of w; (t). We multiply the i-th PDE of (4.3) by —u; (¢) and integrate
over QP (). The rest follows by Gronwall’s inequality. O

Now we show the existence of a global weak solution of (PT). For technical

reasons, we add an extra term on both sides of (PT), i.e., for a constant x > 0 we
have

% — V- DVu+ ku = SR(u) + ku in (0,T) x 9, (4.6)
u(0,2) = ugp(x) in Q, (4.7
—DVu-i=0 on (0,7) x 9. (4.8)

We denote (4.6) - (4.8) by (Py;). We see that the solution of (P;;) is also the
solution of (P*). We prove the global existence of a weak solution of (Pj;).

4.1. Fixed point operator

Let us define a fixed point operator Z; : F — F via
Z1(v) = u, (4.9)

where u is the solution of the linear problem

% — V- DVu+ ku=SR(v) + kv in (0,T) x £, (4.10)
u(0,z) = ug(z) in Q, (4.11)
—DVu;-ii=0 on (0,T) x 09 (4.12)

fori=1,2,...,1.
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Remark 4.1. The reformulation of (4.10)-(4.12) is given by

% + Au = f(v), (4.13)

u(0) = uo, (4.14)

where f(v) = SR(v) + kv and the operator A : H*?(Q)! — [H1(Q)*]! is defined
as Au := (Ajuy, Aous, ..., Ayur) such that for 1 <i < 1T,

(Asug, w;) ::/ DVu;(z) - Vw;(x) dz
Q
+ l@'/ wi(x)w;(x) dz  for u; € HYP(Q) and w; € HY(Q).
Q

The assumption (2.24) guarantees ug € Aj'. By lemma 2.2: Since v € F)/, v €
L>((0,T) x Q)". This shows that f(v) = SR(v) + xv € [LP((0,T); H9()*)]L.F
Moreover section 3 ensures the maximal regularity of A on [H9(Q)*].* Therefore

theorem 2.5 in [17] gives the existence of a unique solution u € JF, of the problem
(4.13) - (4.14). Thus the operator Z; is well-defined.

Remark 4.2. Every fixed point of Z; is a solution of the problem (Pj;).

In order to use Schaefer’s fixed point theorem, we need to verify the following
conditions:
(i) The operator Z; is continuous and compact.

(ii) The set {u € F;'[3X € [0,1] : u = AZ1(u)} is bounded, i.e., there exists a
constant C' > 0 such that any arbitrary solution u € F; of the equation

u=AZ1(u) (4.15)
satisfies
[ulllzy < C, (4.16)
where C is independent of A, u and ¢t. Equations (4.10)-(4.12) and (4.15)
imply
% — V- DVu+ ku = ASR(u) + Aku in (0,7) x 9, (4.17)
u(0,x) = Aug(z) in Q, (4.18)
—DVu-ii=0 on (0,T) x Of. (4.19)

We denote the problem (4.17)-(4.19) as (PJ\'ZA).

4.1.1. Introduction of the Lyapunov functions

Let 1 € R be a solution of the linear system

ST = —log K, (4.20)

TWe have used LP(Q) — HY(Q)*.
¥The operator A is said to have maximal regularity on [H1:4(Q)*]! if each A; has maximal
regualrity on H9(Q)*.
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. I k!
where K € RY is the vector of equilibrium constants K; = + related to the J
J

kinetic reactions. Due to assumption (2.25), the system (4.20) has a solution p°.
Following [10], we define the following functions:

Let g; : R — R and g : RS‘I — R be defined as®

gi(ug) = (ud — 1+ logu;)u; + e(1=1) for each i = 1,2,..,1 (4.21)
and
I
g(u) = gi(u;). (4.22)
i=1
For r € N, we define f, : RS‘I — Rand F, : LY(Q)! - R as
fr(u) = [g(u)]" (4.23)
and
F.(u) = / fr(u(x)) de. (4.24)
Q
Proposition 4.1. Foralli=1,2,...,1,
g(u) > gi(ui) > u; >0 (4.25)
and
Fr(w) 2 [|uillyr o) - (4.26)

Proof. It can be easily seen that the minimum of the function t(u;) := g;(u;) —u;
is zero which implies inequality (4.25). For (4.26) see that

R = [ fu@)de = [ oa@)) de> [ ) de

O

Proposition 4.2. Let o > 0. Then the following inequalities hold

gi(ui) < C (14+ujt®) for all 4, (4.27)

g(u) < C (1 +[ul7™) (4.28)
and

Frlw) < C (1 [u 1), (4.29)
where C' > 0 is a constant depending on « and p; but is independent of u;.
Proof. The proof follows directly from the definitions of g;, g and f,. O

From (4.26) it is clear that the L" - norm of u; will be finite if we can obtain
an upper bound of F,.(u). Thus obtaining an upper bound for F,.(u) is the main
concern of the following theorem:

Theorem 4.1. Letr € N (r > 2),
assume that u € Fp is a solution of

0<t<T,p>n+2and0 < X< 1. Further
(PIJVFIX). Then the following inequality holds:

F.(u(t)) < elrrle(e=1) 7" F.(u(0)) for all r and for a.e. t. (4.30)

8Here we have considered the natural logarithm, i.e. log, - - -.
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To prove this theorem, we need the following lemmas as basic ingredients. For
p>n+1and ¢ € [HYP((0,T); LP(2)) N LP((0,T); H*P(Q))]!, these lemmas have
been proved in [10], but they can be adapted for the functions in J, withp > n+2.

Lemma 4.2. The map F, : L(Q) — R is continuous.

Proof. The proof is analogous to the proof of the lemma 3.4 in [9]. O

Let us consider the derivative (in the classical sense) of f,. : Ry " R which is
given as

afr (U) = vvfr (U)
rlg()]" " Vag(v)
= o) (0 + o).

We see that df,(v) is undefined for v = 0 whereas f._1(v) is defined for all v > 0.
Since we only know the nonnegativity of v, we define, for any 6 > 0,

vs :=v+ 0. (4.31)

Clearly, vs > 0 > 0 and vs € F. From here on we work with the function vs unless
stated otherwise. We aim to prove that for vs € F},

af.(vs) € LI((0,T); H-9(Q))L. (4.32)

To prove (4.32), our point of departure is the following lemma which deals with the
continuity of Jf;.

Lemma 4.3. Let p>n+2 and § > 0, then the map
vs = Ofy(vs), ie., Ofr : Ff — L*((0,T) x )’

18 continuous.

Proof. Let vs € F;. For p > n + 2, from lemma 2.2 it follows that v, €
[L>=((0,T) x Q)]. The rest follows as in the proof of lemma 3.6 in [9]. O

Lemma 4.4. (Derivative of the vector function x — Of,(vs(t,x)) w.r.t. x € Q) Let
p>n+2, r €N (r>2)andv; € FYf. We define the map w(vs) : (0,T)xQ — R>*"
by

w(vs)(t, x) == {r(r — 1) fr—2(vs) M, (vs) + Tfrfl(v(;)A%}Vzv(;(t, ), (4.33)

where M,,(vs) is the I x I-th order symmetric matriz with entries () +logvs, ) (1] +

logws;) and A1 is the I x I-th order diagonal matriz with entries U(l; . Then
vs i

V. (0f(vs)) = w(vs) € LI((0,T); LI(Q)) >, (4.34)
., dfr(vs) € LI((0,T); H-1(Q))?. (4.35)

i.e

Proof. Let vs € F¥. For p > n+2, lemma 2.2 implies vs € L>®((0,T) x Q).
Since vs > ¢, from the definitions of f,(vs), M, (vs) and A 1, we have
vs

r(r —1)fr—2(vs) M, (vs) + rf,_l(uts)A% € L>((0,T) x Q) *L. (4.36)
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Also note that for p > n + 2 and vs € F, Vs € L((0,T); L(2))"*". Therefore
w(vs) € L((0,T); L7(2))"*™. Next we prove that V. (8f.(vs)) = w(vs). This
follows from the density of C°°([0,T] x Q)" in F (for details cf. lemma 3.6 in [9],
e.g.). O

Lemma 4.5. Let u € F}' be the solution of the problem (P]\*/}A) and § > 0 be such
that us :== u+ 0. Then we have the following inequality

t
/ <a“ 8fT(u5)> dr < Irs (e(c 1))—1/ Fu(us(r)) dr
0o \? [0 ()] x [ (2)! 0

+ U(t,us,0) + h(t, 6, us) for a.e. t,
(4.37)

where h(t,0,us) and l(t,us,d) — 0 as 6 — 0 for a.e. t.

Proof. As in the proof of lemma 4.1 it can be shown that the solution of (PJ\J}A)
is also nonnegative, set

us :=u+0 >4 (4.38)

Clearly, us € FY. By lemma 4.4, f,(us) € LI((0,T); H-9(Q)). Using 0f(us) as
test function for the weak formulation of (P;}A), we obtain

fo <awafr us)) [H19(Q)*])T x[HLa(Q))T dr
- fo (VDVu, afr(“ti»[Hl,q(Q)*]Ix[Hl,q(Q)]I dr + K f(f fQ<U, Ofr(us(7)))1 dxdr

= >‘f(;5 <SR(U’)7afT(u6)>[H1,q(Q)*]IX[Hl,q(Q)]I dt + Ak fot fQ<uvafr(u5(T))>I dx dr,

ie.,
t/ou
fo <677-7afT(u6)>[H1,q(Q)*]I><[Hl,q(Q)]I dr
= - fg(DVU§7vz (afr(u5))>[Lp(Q)]IXnX[Lq(Q)]IXn dr
‘=
+A Jo <SR(U)’8f7'(u6)>[H11Q(Q)*]I><[H11<1(Q)]1 dr
— N [ fo(u, O (us(7))) 1 da dr,
ie.,
/ <8U 8fr(u5)> dr Iél;f —i—Iﬁ’é)ac—i—Ig; for a.e. t,
o \? [0 (@) ) x [ ()]
(4.39)
where
19, Z/ / <Du5, (8fr(u(5))>[ dz dr, (4.40)
ITeac = >‘/ < ( )78fr(u5)>[H1,q(Q)*]I><[Hl,q(Q)]I dr (441>
0
and

1= ==V [ [ . orustr)yde i (1.42)
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Now we simplify the terms on the r.h.s. of (4.39) one by one. ¥

¢ —)\/0 /Q<S]_%(u),8fr(u(;)>1dxdr
= )\/0 /Q<rfr_1(u(;) (1° + log us) ,SR(u)), dxdr

= )\r/o /erfl(u(;) (1° +logus, SR(u)), dx dr. (4.43)

Following the steps of lemma 5 in [10], we can estimate the integral on the r.h.s. of
(4.43), i.e

I t
IH.<Arc ) (/ / (8|19 + T|8|log 8|) dx dr
: 0o Jo
t
+(5/ / (u; +9) dde) =: h(t,d,us) for a.e. t,
0o Jo

where C is independent of A and wg, and all the other factors of h(t,d,us) are
bounded and tending to zero as § — 0 for a.e. t, i.e.,

I < h(t,6,us) — 0 as §—0 forae. t. (4.44)

reac —

From lemma 5 in [10] we get

dsz Z/ /Q< Oy 6,(8fr(u6))>1 dudr
r(r—1) D/ /fT 2(us Z I —|—logu578zku§>i dz dr

k=1

I n 2
—rD/ /fr 1(us Z 1 <?;;i> drdr for a.e. t. (4.45)

Both the terms of (4.45) are nonpositive, hence

70

diff <0 forae. t. (4.46)

Tp>mn+2and u € FY imply u € L®((0,T) x Q)!. This gives SR(u) € LP((0,T); LP(2))*
LP((0,T); H9(Q)*)!. Recall the definition (2.3) for the continuous embedding L ()
HL9(Q)* as

(£ O mragy xmta) = (O Lr@)xra), for f € LP(Q) and ¢ € HH4(Q).

(SN
(SN
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Y t
11— k(1 - /\)Z/ /uiafr(u(;)idxdT
= Jo Ja

1 t
=kr(1l—-A) Z/o /97"(6 —ug,) fr1(us)(ud +logus,) drdr since us, = u; + 6
i=1

1 t
=0k(1 =\ 041 N fr— dxdr
i @/ /Qmw ogus,) fy—1(us) de

1 t
re(l — A —ug (10 +log ug. ) fr dz dr. 4.47
1 e >Z//Q s, (1 + Vog us,) o1 (us) da dr (4.47)

It can be shown that
— ug, (1 +logug,) < e"OTHD v (4.48)
We have logus, < us, < g;(us,) and g;(us,) > (e — 1)6_“?. Choosing a constant

C = max (1 + |1 e (e — 1))7 we obtain
1<i<T

Combining (4.47), (4.48) and (4.49), we get

1 t
1 <ron(1-0Y / / Cilus,) o (ug) da dr
=170 JQ

1 t
+r(1=A) Z/O /Qre’“*"?)fr_l(u(;)d:c dr
I t
<rér(l— )\)CZ/O /Qg(u(;)fr,l(u(s) dx dr
1 t
+r(1=N) Z/o /97"(6(6 — 1)) 'g(us) fr-1(us) dz dr, since g;(us,) < g(us)

t ¢
<rédwl C’/ / fr(us)dxdr + K I (e(e — 1))71/ / fr(us) dx dr,
0o Ja 0o Ja
since0 < A<1land f,. = f,_1g9 fora.e. t. (4.50)
As § — 0, f.(us) is bounded in L*((0,T) x Q). Therefore for a.e. t the first term
on the right hand side in (4.50) tends to zero as 6 — 0. Denote the first term by
I(t,us,0), then
t
Ig; < U(t,us,0) + Irk(e(e — 1))_1/ / fr(us)dzdr for a.e. t. (4.51)
0o Jo

Therefore combining (4.39), (4.44), (4.46) and (4.51) we obtain

t
/ <8u,6fr(u(;)> dr
0o \O7 [B19(@) ) X (L @)

t
<h(t,ugs,6) + 1(t, us,8) + Irr(e(e — 1))_1/ F.(us)dr for a.e. t,
0
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where h(t,d,us) and I(t,us,d) — 0 as 6 — 0 for a.e. t. O

Proof of theorem 4.1. Let u € ' be the solution of (PA'ZA). Due to lemma 4.1
we know that u > 0. For any fixed § > 0, let

us == u+ 0. (4.52)

Let > 0 and choose a smooth function @5 € C°°([0,T] x Q)! sufficiently close to
ug such that

||0¢tis — 6tu5||Lp((0,T);H1,q(Q)*)I <n, (4.54)
|[F (us(t) = Fr (us(0)] — [Fr (s(2) — Fr (@5(0))]| < 0, (4.55)
10 (us) = Ofr(@s)] oo 0,7y x2)7 < 5 (4.56)
and
n ||8fr(u5>||L<1((O,T);H1vq(Q))I +n HatatSHLl((O,T)XQ)I <9 (4.57)
Then for a.e. t
t
‘A <8fr(u5)78Tu6>[H1,q(Q)]IX[Hl.q(Q)*]I dr
t
_/ (01:(715). 05785) oy st ey |
I 0 T
< Z/O ‘<afr(ué)i_af?“(ﬁzs)iv8Tﬂ6i>H1>q(Q)><H1’7(Q)* dr
1:1[ r
+ Z A ‘<87—U(Si — 87'1]51' s 8fr(u6)i>Hl‘q(Q)* XHl,q(Q)‘ dr
Lo
< ¥ /O |(@F.(us): — 05 (88) 0285, ooy x oy 7
121] T (4.58)
+ Z A ‘<8Tu5i — a-,—ﬂ&i s 8fr(u5)i>H11Q(Q)* XHl,q(Q)‘ dr
i=1
I
< Z |:||afr(u6)i = 0fr(@s)ill poe 0,1y x2) 1106, |1 L1 (0,7 x )
i=1

11005, — Dyt oo, rystace) 108 ()il L ago oy aca |

-

[77 ||Oetis, Lio,myx0) 1 10f(us)i |Lq((o7T);H1,q(Q))}

1=1

-

s
I
—

§ = 6I by (4.57).
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For the smooth function us, we have

ﬂmwwwwmm:AfUﬂ@vmw

dr
¢ 0
= — fr(ug) dx dr
J; J et
t

:/ <8fr(u(;),a;6> dr. (459
0 T L Hb (@) X [HY ()]

This implies

t
Fr(ué(t» - Fr(u(s(())) - /0 <3fr(u(s), 8TU5>[H1,<1(Q)]I><[Hl,q(Q)*]I dr

< [E(us(t)) = Er(us(0))] — [Fr (s (2)) — £ (s (0))]]
t
+ /0 <af’l"(a6)7a‘rﬁ5>[H1,q((z)]IX[Hl,q(ﬂ)*][ dr
t
_/0 <af7’(u5)787u6>[H1,q(Q)]IX[Hl,q(Q)*]I dr by (4.59)
< 6406l by (4.55) and (4.58)
= (I+1)5
This gives

[Fr(us(t)) = Fr(us(0))]
<(IT+1)¥5+ /Ot <8fr(u(;),8TU5>[H1,q(Q)],X[Hl,q(ﬂ)*]l dr
< (I+1)0 + h(t,us,0) + U(t, us, 5)
+ 17k (e(e—1))7 " /Ot F.(us)dr by lemma 4.5 and for a.e. t,

where h(t, us,0) and I(t,us,d) as § — 0 for a.e. ¢. Therefore from the continuity of
F,., we obtain

Fr(u(t)) < Fp(u(0)) + Irk(e(e — 1))~ -/0 F.(u)dr for a.e. t.

Gronwall’s inequality gives
F,(u(t)) < el (e~ p (4(0))  for all r and for a.e. t.
This completes the proof. (I

An immediate consequence of theorem 4.1 is the following corollary which gives the
a-priori estimates (global in time) of the solution of (PJ\'ZA).

Corollary 4.1. Let p >n+2,7r € N and 0 < A < 1. Suppose that u € F) is the
solution of the problem (PAZA), then the following estimates hold:

u@I| oy <C <oo  forall r and for a.e. t, (4.60)
and u@I| @y < C < oo forae. t, (4.61)

where C' is independent of i, u and t.
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Proof. From lemma 2.3, it follows that for p > n + 2, ug € L>(Q)!. For the
problem (P]JVFIA), u(0) = Aug. Therefore from theorem 4.1, for a.e. 0 <t < T, we
have

F,(u(t)) < elrslee=D)""t B (4(0)) for all 7 and for a.e. t.

= / uj (t,x) de < elrrle(e=1) 7" / fr(Qug(z))dx  for all r and for a.e. ¢.
Q Q

(4.62)
From proposition 4.2, we have

frOwup) < C (1 T |/\u0|’,"(1+“)) , (4.63)

where o > 0 and C are independent of §, A and u;. Combining (4.62) and (4.63),
we obtain

s (D[} ) < ce"ﬁ(e(e*»”t/u + o7 ) dz since 0< A< 1
Q
1 r(14a)
< C/ <1+ <I§|\u0\|Lm(Q)I> ) dx for a.e. t,
Q

ie.,

I
1 r(1+a)
Z ||ui(t)\|TLT(Q) <IC / (1 + (IiHuOHLw(Q),) ) dx < oo for ae. t.
i=1 Q2

This gives (4.60). Note that C in (4.60) depends on r. Again from theorem 4.1, for
a.e. 0 <t <T, we have

F.(u(t)) < elm(e(efl))fltFr()\uo) for all r and for a.e. t.
Proceeding as above, we obtain

Huz(t) rr <CeIrm(e(e 1)~ Hl‘H“ |(1+a)

Lr(9)

1
= H%()HU Q) = (CeI (e(e—1))~ t)

Lm(Q)

1
< sup (C elrn(e(e—l))’lt) T Hl + |u0|(11+a)
reN

L Q)

Vi and r, and for a.e. t.

Taking limit sup as » — oo on both sides, we obtain

1+a
i ]|y < C |1+ ol

Le=(Q)

1 (1+a) .
<C <1 + (I? H"LLOH‘LOO(Q)I> < oo Viand for a.e. t. (4.64)

By (4.64), [[[u(®)[l[ ;0 ()r = Jax, |[wi ()] o0 () < 00 for a.e. ¢ which is (4.61). [
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Corollary 4.2. Letp>n+2,r € N and 0 < X\ < 1. Then there exists a positive
constant C (depending only on r, T, |Q] and I but independent of A and u) such
that any arbitrary solution u € F' of the problem (P]@A) satisfies

<C.
llulllz, < ©

Proof. Choosing r € N sufficiently large in corollary 4.1 and application of Hélder’s
inequality shows the r.h.s., ASR(u) + Aku, of (Py; ) is in LP((0,T); LP(€2))’. Since
LP(Q) — HY9(Q)*, ASR(u) + Aku € LP((0,T); H»9(Q2)*)1.

The reformulation of (4.17)-(4.19) is given by

dzgf) + Au(t) = (1), (4.65)
u(0) = Auyg, (4.66)

where f(t) = ASR(u(t)) + Aku(t) and x > 0. f is in LP((0,T); H*7(Q)*)!. The
operator A is defined as in remark 4.1. Moreover, by assumption (2.24) ug € X'
The operator A has the mazimal parabolic regularity on [HY9(2)*]!. Therefore
from the theory of linear evolution equation (cf. theorem 2.5 [17]), there exists a
C > 0 such that/

|||u\||_7_-; <C (H/\UOHX;; + H)‘SR(U> + )\Hu"LP((OJ");HLC](Q)*)I)

<C (||u0||2(; + ||SR(U)‘|Lp((o7T);H1,q(Q)*)z tr ||u‘|LP((0,T);HL<1(Q)*)I>
=: C < 0,

where C' is independent of A and w. O

4.1.2. Compactness and continuity of Z;
Lemma 4.6. The fized point operator Zi is continuous and compact.

Proof. Here we will only show the continuity of Z; as the compactness follows with
similar arguments. Let (v,,)n>1 be a sequence in J, converging to a limit v € F.
From lemma 2.2, (v,),>1 is convergent to v in [L*°((0,T) x Q)]!. This implies
that (SR(vy) + Kvp)n>1 is convergent to SR(v) + kv in [LP((0,T) x Q)]1. Due to
the continuous embedding LP(Q) — HY9(Q)*, (SR(vy,) + kvy)n>1 is convergent to
SR(v)+ kv in [LP((0,T); HY4(Q)*)]!. From the linear theory of evolution equation
(cf. theorem 2.5 in [17]), we conclude that the map Z; is continuous. O

Proof of theorem 2.1. Applying Schaefer’s fixed point theorem, thanks to corol-
lary 4.2 and lemma 4.6, we get the existence of at least one fixed point, i.e., existence
of at least one solution of the problem (P;;) and this solution solves (P¥). Due to
lemma 4.1, this solution is also a solution of (P). Now we prove the uniqueness of
the solution of (P). Let u; and ug € F}' be two solutions of the problem (), where
u1 # uz. Then we have

(’9uk

ug(0,2) = ug(x) in Q, (4.68)
—DVuy-i=0 on (0,T) x 09, (4.69)

INote that 0 < A < 1.
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for k = 1,2. Set 4 = u; —usy. Taking the difference and using @; as the test function
in the ¢ — th PDE, we obtain

1 [td 2 - 2
5| IO dr+ D [ 95 o

<5 | (1570 () = SRl + 1) o))

Expanding the term R;(u;)— R;(u2), each term in R;(u1)— R;(u2) contains a factor
of the type w1, — ug,, whereas all the other factors are bounded in L>((0,T") x ),
therefore we obtain

t I
s < C [ S M) ooy dr
=1

t
. _ 2 _ 2
Le,  llu(®)[|z2 () < C/O a()[[L2(qyr dr - for ae. i,
Gronwall’s inequality gives

— 2
mu(t)mLz(Q)I =0 for a.e. t,
- Ul = U.

Hence the solution exists uniquely. O
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