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EXACT EXPLICIT TRAVELING
WAVE SOLUTIONS FOR A NEW
COUPLED ZK SYSTEM
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Abstract The extended tanh-coth method and sech method are used to con-
struct exact solutions of a new coupled ZK system. Traveling wave solutions
are determined, which include solitary wave and periodic wave solutions.
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1. Introduction

The KdV equation is a model that governs the one-dimensional propagation of
small-amplitude, weakly dispersive waves [5, 6]. The nonlinear term wu, in the
KdV equation

U + AUy + Ugzr = 0, (1.1)

causes the steepening of wave form, whereas the dispersion effect term wug,, in
the same equation makes the wave form spread. The balance between this weak
nonlinear steepening and dispersion gives rise to solitons. The KdV equation is
therefore incapable of shock waves [11]. The KdV equation plays an important
role in the development of the soliton theory, where nonlinearity and dispersion
dominate, while dissipation effects are small enough to be neglected in the lowest
order approximation [1, 2].

The KdV equation is considered a spatially one-dimensional model. An extensive
research work has been done in developing higher dimensional models, particularly
those in the (24 1), two spatial and one time, dimensions [4]. The best known two-
dimensional generalizations of the KAV equations are the Kadomtsov-Petviashivilli
(KP) equation, and the Zakharov-Kuznetsov (ZK) equation. The ZK equation given
by

U + Aty + b(Ugy + Uyy)z = 0, (1.2)
is investigated in [5, 6, 10, 11, 13, 14, 22] by many distinct approaches.

The ZK equation governs the behavior of weakly nonlinear ion-acoustic waves
in a plasma comprising cold ions and hot isothermal electrons in the presence of
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a uniform magnetic field [5, 6]. The ZK equation, which is a more isotropic two-
dimensional, was first derived for describing weakly nonlinear ion-acoustic waves in
a strongly magnetized lossless plasma in two-dimensions [22]. It was found that the
solitary-wave solutions of the ZK equation are inelastic.

Recently, a new hierarchy of nonlinear evolution equations was derived by Qin
[9] by using a finite-dimensional integrable system. An interesting equation in this
hierarchy is a new coupled KdV equation

U = Pugge + a(uv), + v(vw)y,
V¢ = ﬁvmmm + )\(wu)wa (13)
wy = ﬂwxacx + )\(U’U)zv

where «, 3, v, A are arbitrary constants. Later, this new coupled equation was
investigated by Wu [21], by using matrix transformation and Lax pair. Most re-
cently, in the sense of the KP equation, Wazwaz [15] has extend the new coupled
KdV equation to the new coupled KP equation and studied the new coupled KdV
equation and the new coupled KP equation, by using the Hirota’s bilinear method.
The physical phenomena for this system was investigated thoroughly in [9, 15, 21].

Following the sense of the ZK Eq. (1.2) we can extend the coupled KdV system
(1.3) to the new coupled ZK system in the form

up — a(uv)y — y(vw)y — BUugs + Uyy)s =0,
vy — ANwu) g — B(Vzg + Vyy)z = 0, (1.4)
wy — ANuv)y — B(Wge + Wyy)e = 0.

The derivation of this system is simply made by following the sense of the ZK
equation.

Many reliable direct methods are presented to deal with equations arising from
physical problems, such as the further improved F-expansion method [18], the multi-
auxiliary equations expansion method [19], the Riemann-Hilbert method [20], the
extended tanh-function method [3], and so on.

In this work, we aim to study the new coupled ZK system. The extended tanh-
coth method and the sech method will be mainly used to back up our analysis. The
extended tanh-coth method and the sech method are direct and effective algebraic
method for handling many nonlinear equations, where solitary wave solutions and
triangular periodic solutions are generated.

2. The methods

In what follows, the methods will be reviewed briefly. Full details can be found in
[16, 17, 12, 7, 8] and the references therein.

For both methods, we first use the wave variable £ = z +y — ct to carry a PDE
in three independent variables

P(uvut;uzauyauzz;uzyauyyauzzz; ) =0, (2-1)

into an ODE
Qu, v, u" v, ...) = 0. (2.2)

Eq. (2.2) is then integrated as long as all terms contain derivatives where integration
constants are considered zeros.
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2.1. The extended tanh-coth method

The standard tanh-coth method is developed by Malfliet where the tanh is used
as a new variable, since all derivatives of a tanh are represented by a tanh itself.
Introducing a new independent variable

Y = tanh(uf), (2.3)
that leads to the change of derivatives:

d d d?
1-Y

2
d_gz“( — 2>W’ d—§2:ﬁ(1—y2) <—2Yi+(1—Y2)d—). (2.4)

ay dY?

The extended tanh method admits the use of the finite expansion

M M
u(pd) = S(Y) =D AY "+ Apyn Y,
k=0 k=1

My M-
v(p) = P(Y) =Y BiY* + > B, YV, (2.5)
k=0 k=1

My M,
w(p) = Q) => C Y +> CrianY ",
k=0 k=1

where M, My, My are positive integer that will be determined to derive a closed
form analytic solution. Substituting (2.5) into the simplified ODE (2.2) results in
an algebraic equation in powers of Y. To determine the parameter M, My, Mo,
we usually balance the linear terms of highest order in the resulting equation with
the highest order nonlinear terms. With M, M;, My determined, we collect all
coefficients of powers of Y in the resulting equation where these coefficients have
to vanish. This will give a system of algebraic equations involving the parameters
Ay, By, Ck, p and c¢. Having determined these parameters, knowing that M is
a positive integer in most cases, and using (2.5) we obtain an analytic solution
u(z,y,t), v(z,y,t), w(z,y,t) in a closed form.

2.2. The sech method

In a manner parallel to the discussion presented above, we use

M
u(pé) = 8(2) =Y _ ArZ", (2:6)
k=0

where Z = sechu(x — ct). The algorithms described above certainly works well
for a large class of nonlinear equations. The main advantage of the methods is
that it is capable of greatly reducing the size of computational work compared
to existing techniques such as the pseudo spectral method, the inverse scattering
method, Hirota’s bilinear method, and the truncated Painlevé expansion.

3. Using the tanh-coth method

In this section we employ the extended tanh-coth method to the Eq. (1.4).
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Let u(z,y,t) = u(§), v(z,y,t) =v(§), wlz,y,t) =w(), £ =x+y— ct. Then
(1.4) becomes to

cu’ + afuww) + y(vw)" + 26u" =0,
v’ + AMwu) + 260" =0, (3.1)
cw' + A(uv)’ + 26w = 0.

Integrating it with £ and neglecting constants of integration we find

cu + auv + yvw + 20u” = 0,
cv + dwu + 260" =0, (3.2)
cw + Auv + 28w” = 0.

Balancing u” with uv in the first equation, v” with wu in the second equation, and
w” with uv in the third equation gives

MA4+2=My+ My, Mi+2=M+ My, My+2=M + M, (3.3)

so that
M = My = My = 2. (3.4)

The extended tanh-coth method admits the use of the substitution
2 2
u(p) = S(Y) =D AY 4+ Ay F,
k=0 k=1
2 2
v(p) = P(Y) =Y BpY"+> BV F, (3.5)
k=0 k=1
2 2
w(pg) = Q) =D CkY "+ CraV "
k=0 k=1

Substituting (3.5) into (3.2), collecting the coefficients of each power of Y, and solve
the resulting system of algebraic equations with the help of Maple to find the sets
of solutions:

Case (1) AOZ—EZ—AQ, BOZC():—BQZ—CQ:M

2 oe 7
C
Al:Ag:A4:Ol:Og:C4:B1:B3:B4:O, 022027 /L2:_@
c(a a?
Case (2): Ag = 35 = —4s, BOZ—OOZCQZ—BQZB(iTWHMv
C
A =A3=A4,=C1=C3=Cy=B1=B3=B;=0, ¢ =", /ﬁ:_@.

Case (3) AQZ_%:_lAQ, BOZ_COZ_%BQZlCQZMiTO’W,

2 c
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c(—aty/a?+4Ny)
4Ny )
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Case (4) AQZ = :_%AQ, BQZCOZ_%C2:_%B2:

2
A=Ay =Ay=Ci=C3=Cy1=B1 =Bs =B, =0, & =, uz‘:é.
Case (5): Ay = —2— =—-A4, Bp=Cy=-Cy=—-B;y = 3C(ai\4//\oz72+4/\7)
A1 =Ay=A3=0C1=Cy=C35 = BQZB3:0,02202,N2:—%.

c c(—aty/a2+4N
Case (6):  Ag= & = —3A4, Bo:Co:—%Cziz—gBéiz(Tﬂ,

A1=A2=A3201202:C3:Bl232233:0,02_6 M_Sﬁ
—2B _ 3c(a:i:\/a2+4)\'y

Case (7) AO 4)\ 2A2 —2A4, BO = —204 8)\7

——C{a(aj: a? +4Ny) + O‘Ti(aj:\/a2+4)\7)—/\7—a2}
Mot /a? +4X7) + L (a £ /a2 +4)\y) — aly

)

—2Cy=Cy=B

Case (8): Ag=—5% = %AQ =2Ay, By=Cy = %Bo = 8)\,Y(oz:I: a? +4X\y),

—E[Q(a:l: a? + 4 y) + O‘Ti(oz:t\/oﬁ—i-élx\’y)—l—)\”y—l—az}
(ot /a2 +407) + L (a £ /a2 +4\y) + aly ’

A=Ay =C =Cy=B, =B3 =0, = -
1 3 1 3 1 3 , C cy W 323

Case (9) AO = g—f\ = —A4, BO = —CO = C4 = —B4 = 4)\7 (Oé + a? + 4/\’7),

Case (10): Ay = 3¢ = =34y, Cp = —By = —3C4 = 3

Va2 +4\y),

A1:AQZAgzcl202203:B1:B2:B3:O, C2ZC,[L :%

Case (11): Ay = —% = —340 = Ay, Cy = 3By = —By = Toxy (@ +

Va4 4xy),

-3 [a(oz:l: a? + 4 y) + O‘Ts(aj:\/oﬂ—l—él)\”y)—l—)\”y—i-oﬁ}
Co=-209=—-2By = e R
2

(ot /a2 +40y) + L(a £ /a2 +4\) + aly

A1 =Aa=C1=Ca=B, = B:=0. ¢? = ¢2 -
1 3 1 3 1 3 , C c, B 3273
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Case (12) AQ = g—i = %AO = A4, 04 = —%BO = —B4 = 163—§7(—04:|:
Va2 +4\y),
By = —Cg = —%CO
%{a( aty/a?+4Ny) +2;); —at a2+4)\'y)7)\'yfoc2}

>‘7 oc:l:\/oc2+4)\'y)+ oc:l:\/ac2+4)\’y)70c)\’y

A1 =A3=C,=C3=B;=B3=0, ?=¢* 2:L.
1 3 1 3 1 3 y C Cy W 323

Based on these results, we obtain the following solitary solutions for (1.4):

up = —34(1 — tanh? , [—z5(x+y—ct)),

v = 4M(a + /a2 + 4)y)(1 — tanh? | /—%(m—i—y —ct)), (3.6)
wy = 4)\ < (a+ a2+4)\7)(1—tanh%/—%(:v—i—y—ct)),
@<O, a? +4X y >0,
us = 35(1 — tanh? [—g5(x+y—ct)),
vy = 4M(oz:l: a2+4)\”y)(1—tanh24/—%(z—l—y—ct)), (3.7)
We = — 4)\7(04:|: a2+4)\7)(1—tanhz,/—ﬁ(:v—i—y—ct)),
ﬁ <0, a®+4X\y >0,
uz = —55 (1 — 3tanh? /553(@+y—ct)),
U3 = 1 (a /a2 +4Ay)(1 —3tanh2,/ 5@ +y —ct)), (3.8)
w3 = 4M(a:|: a2+4)\7)(1—3tanh2,/ 5@ +y —ct)),
86 >0, o +4\y >0,
Uy :%(1—3tanh21/ (x+y—ct)),
vy = g5 (—a+ 0424—4/\7)(1—3tanh21/$(ac+y—ct)), (3.9)
w4:4>\v( at a2+4)\”y)(1—3tanh24/ 5@ +y —ct)),
$>O, a? + 4 y >0,
and
us = —35(1 — coth? , /=55 (@ +y —ct)),
vs = 4)\7 (a4 /a2 +4)\y)(1 — coth? , [—55(@ +y—ct)), (3.10)
ws = 4)\ < (£ a2—|—4)\"y)(1—coth2,/—%(m—i—y—ct)),
%<O, a? + 4 y >0,
ug = 32(1 — coth? /[—55(@ +y—ct)),
v = 4>\'v(a:|: a2 + 4\y)(1 — coth? [—g5(x+y—ct)), (3.11)
we = — 4>\ (== a2—|—4)\"y)(1—coth2,/—%(m—i—y—ct)),
86 <0, a?+4\y >0,
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U7:—%(1—3coth2,/ (x +y —ct)),
vr = 755 (@£ a2+4/\'y)(1—3coth2,/@(x+y—ct)), (3.12)
wr = - (a+ a? +4\y)(1 — 3coth® , /& 5@ +y —ct)),

8ﬁ>0, a? +4X\y >0,
usg —%\(1—3coth2,/$(x+y—ct))
vs = g5 (—a+ a2+4/\7)(1—3c0th2,/ 5@ +y —ct)), (3.13)
w8:4iv( at a2+4)\”y)(1—3coth2,/ 5@ +y —ct)),

35 > 0, a? +4xy >0,

ug = $5 (1—ltanh2,/ F@+y— )——cothQ,/ (x—i—y—ct))
= By + B tanh? \V3s(@ty—ct) - 1By coth? \/ 3@ Ty —ct),
= —2B5(1 — 2tanh® /55 Gl@+y—ct)+ 1By coth® /55 5@ty —ct),

B, — Slatva+any) ZC [a(ai\/ 2+4/\7)+m(ai\/a2+4Aw)+A'y+a]
0= 8Xy P 2T T M (et JaR )+ & (atr/art Ay ) tary

ﬁ <0, o2 +4)y > 0.
(3.14)

ulo—ﬁ(l—i—?’tanh2 \/7(:c+y ct) + 2 coth? \/%(:c—i-y—ct)),
v19 = Bo + Bs tanh? (:1: +y—ct)+ 3Bo coth? \/7(17 +y—ct),
wio = —Ba(Z + tanh® \/%(:c—i-y—c )) — 2By coth? \/7(:6—1—3/ ct),
_ clot/oFri) g ¥ [0Cod Ve Coky/0TH D) -dy o]

Bo = 8”7 2 ( od:\/a2+4M) 22 (—aty/a2+4xy)—ary

)

(3.15)
We can obtain the following triangular periodic solutions for (1.4):
Uy = —g’—f\ sec? | [g5(z +y —ct),
(3.16)

vy = 4A < (o £ \/a? + 4)\y) sec? \35(@+y—ct),
Wi = 4)\,Y(Oz:|: a? + 4)\y) sec? JVaslz+y—ct),
35 > 0, a? 44Xy >0,

Uiz = 3—§\sec2,/§(17+y—0t)a

vz = P (a£ /a2 +4hy)sec? | [ (x +y —ct), (3.17)
< (a4 /a2 + 4)\y) sec? \as(@+ty—ct),
[3>0’ CY +4)\’7207

U1z = —55 (1 + 3tan? /55 (@ +y—ct)),
( a? +4\y)(1 + 3tan? \/ 55 (@ +y—ct)), (3.18)

w13 = — g5y (a* on+4/\’y)(1+3tan21/g—§(:17+y—ct)),
# <0, a2 +4\y >0,

w12 = 4)\'y

’Ulgzmai
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uis = 5 (1+3tan?  /58(z +y — ct)),
vis = 75 (—a £ /a2 T 01+ 3tan? /25 +y — cb)), (3.19)

w1y = 55 (—ak 042+4/\'y)(1+3tan21/g—ﬁc(g;+y_ct)),
gﬁ<07 0424‘4/\720

and

urs = — 3¢ esc? | /55 +y—ct),

i = B (@£ /a2 + A7) ese? \/%(:r +y—ct), (3.20)
wis = g5 (@ F V/a? + 4y esc? \/%(x—i-y—ct),
5 >0, @ +4xy >0,
Uie = §—§ csc? \/%(:v +y—cb),
vi6 = 2% (o £ /aZ + 4hy) cse? \/Z(x +y—ct), (3.21)

w16:—4/w(aj: a? + 4\y) csc? \/55(@+y—ct),

§>O7 a? + 4y >0,

wir = —F(1+3cot? | [55 (@ +y - ct)),
¢ (at a2 + 42y)(1 + 3 cot? \/7(174'9 ct)), (3.22)
wn:_m(ai T F D01+ 3eot? | [5E( +y - et)),
53 <0, a® +4\y >0,
wis = 55 (14 3cot? | /55 (0 +y - et),
vis = g (—a £ Va2 + D) (1 + Boot? | /55 (z +y — et), (3.23)

wis = 755 (—a £ \/a? +4M)(1 + 3coth? | [58(x +y — ct)),
§<O, a? +4Xy >0,

u19:4)\(1—|—1tan 1/ﬁ($+y_0t)+_(30t21/ ($+y ))’

vig = By — Botan?, /ﬁ(m—l—y—ct)—i— 53000‘52 /m(g@—i-y—ct),
wig = —2By(1 + 2tan? /355(® +y —ct)) — 1By cot? /355 (@ +y —ct),

B — 3c(aty/a2+4Xy) B, = 3¢ [a(ozi\/oz2-|—4)q)-|-%(O[i1 /a2+4>\7)+)\v+a2}
07 TN T T e Gk Ja? t )+ 22 (aky/a? H4h)aky
75 > 0, a2+4)\720,

um—ﬁ(l— tan%/%(m—i—y—c)——cot%/ (x—i—y—ct))
v20 = Bo — Batan® \ /555 (2 +y —ct) — 3Bocot? | /55 Gz +y—ct),

wgoz—Bg(%—tanz,/ﬁ(:ﬁ—i—y—c))—i—%Bocotz,/m(x—i—y—c),

U17 =

)

(3.24)

3
B, = flefvaitidy) 5o ‘%[0‘( aky/a 2+4/\w)+2‘§7(7ai\/a2+4>\7)7>\77a2]
0= 8y P T T M (Caky/art )+ 2 (—akry[aRtaAy) —ary

ﬁ <0, 042—1-4/\720
(3.25)



Exact explicit traveling wave solutions for a new coupled ZK system 275

4. Using the sech method

The sech method (2.6) admits the use of the finite expansion

2 2
u(pg) = S(2) =Y AZF 4+ A Z7F,
k=0 k=1
2 2
v(pg) = P(2) = BiZ* + Y BiyaZ 7, (4.1)
k=0 k=1

2 2
w(p€) = Q(Z) =) CiZ"+ Y CriaZ ™"
k=0 k=1

Substituting (4.1) into (3.2), collecting the coefficients of each power of Z, and solve
the resulting system of algebraic equations with the help of Maple to find the sets

of solutions:
Case(l):AOZBOZC():AlzBl201:A3233203:A4:B4:O4:

0,
9 9 9 c 3c 3c
_ — -2 B, =_C + 2 +4)\y).
& y M 1667 2 4)\7 2 2 = 8A (CY a” + /7)
CaSG(Q):AOZBOZCQZA1231201=A3: Cg A4—B4—C4—
0,
9 9 9 c 3c 3c
= = —, By =C + 24+4)\y).
& y M 1667 2 4A, 2 2 = 8A (CY a” + /7)

Based on these results, we obtain the following solitary wave solutions for (1.4):

Ugy = 4)\sech2,/ 5@ +y—ct),

< (o £ \/a? + 4)\y)sech?, /ﬁ(z +y—ct),

v 8“ (4.2)
way = 8)\7 & (£ /o? + 4Ny)sech?, [ &5 5@ +y—ct),
166 >0, a?+4\y >0,
u _ 3¢ h2 _c _
22 = — 35 sec 63 (@ +y —ct),
Vg = 8)\7 < (o /a2 + 4 \y)sech?, /165 (® +y —ct), (4.3)

war = g (a £ /a2 +d\y)sech? | /155 (x +y — ct),

166 >0, o +4\y > 0.

However, for 155 < 0, we obtain the following periodic wave solutions for (1.4):

Up3 = — 35 tan? | /165 (@ +y —ct),
Vgy = — SM(O‘i a2+4)\7)tan2,/ﬁ(x+y—ct), (4.4)

W3 = 8M(oz:l: a2+4)\”y)tan21/%(x+y—ct),
2
165 <0, a®+4X\y >0,
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5.

Ugq4 = Z’—itanQ,/ﬁ(:v—i—y—Ct)a
vz =~ (@ £ V/a? +4hy) tan® g5 (v +y — o), (4.5)

Woy = —8?3\—‘;(041 a2+4/\'y)tan2,/ﬁ(x+y—ct),
ﬁ <0, a2 +4\y > 0.

Discussion

In this paper, we used the extended tanh-coth method and the sech method to
study a new coupled ZK equation. As a result, we obtained twenty and four kinds
of exact solutions including solitary wave solutions and periodic wave solutions.
The methods provided solitary wave solutions and triangular periodic solutions.
Moreover, the obtained results in this work clearly demonstrate the reliability of
the methods that were used.
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