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Abstract

An autonomous stage-structured competitive systems with toxic effect is
investigated in this paper. Sufficient conditions which guarantee the global
attractivity of the system and the extinction of the partial species are obtained,
respectively. Our results supplement and compliment one of the main results
of Liu and Li [Global stability analysis of a nonautonomous stage-structured
competitive system with toxic effect and double maturation delays, Abstract
and Applied Analysis, Volume 2014, Article ID 689573, 15 pages].
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1 Introduction
Throughout this paper, we set:

M= max [f(t), = min [f(2)],

te[0,w] te[0,w]

where f(t) is a w-periodic continuous function.

It is well known that the effect of toxins on ecological systems is an important
issue from mathematical and experimental points of view [1,2]. In [3], Maynard
Smith incorporated the effects of toxic substances in a two-species Lotka-Volterra
competitive system by considering that each species produces a substance toxic to
the other only when the other is present. The model takes the following form
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21(t) = z1(t)[K1 — a121(t) — brxa(t) — crz1(t)z2(t)],
ig(t) = $2(t)[K2 — (Izl’g(t) — b2$1(t) — CQIl(t)l'Q(t)],

where x1(t) and x5(t) represent the densities of two competing species at time ¢,

(1.1)

respectively. K1 and K3 denote the birth rates of the first and second species, re-
spectively. a1 and ay are the rates of intraspecific competition term for the first and
second species, respectively. by and bs stand for the rates of interspecific competi-
tions, respectively. ¢; and ¢y represent the toxic inhibition rates for the first species
by the second species and vice versa.

However, the nonautonomous case is more realistic, according to system (1.1),
Li and Chen [4] considered the following nonautonomous system of differential

equations
£1(t) = z1(1)[01(t) — anr ()1 (t) — arz2(t)x2(t) — di(t)z1(t)z2(t)], (12)
Bo(t) = w2(t)[b2(t) — a1 (t)z2(t) — agz(t)x1(t) — do(t)z1(t)22(t)]. .

They showed that under some suitable conditions, one species will be driven to
extinction while the other species stabilizes at a certain solution of a logistic equation.
For more papers in this direction, one could refer to [5,7], [24,25] and the references
cited therein.

Stage-structured models have been analyzed in many papers (see [8,12-20,23]).
Recently, Li and Chen [8] proposed the following periodic competitive stage-structured
Lotka-Volterra model with the effects of toxic substances

t

Z1(t) = b1(t — 1) exp (—/

. rl(s)ds)ml(t — ) —an W)z ()
—ana(B)z1 (8)za(t) — di (H)22(E)2(t),

91(t) = bi(t) 21 (t) — r1(H)ya(t) — ba(t — 71) exp (— / r1(s)ds) z1(t — 1),

t=n (1.3)
Fa(t) = ba(t — ) exp (— /t _ rz(s)ds)mg(t —75) — a1 (B)a1 (£)za ()

—agy(t)w3(t) — da(t)w1(t)x5(t),

J(t) = ba(t)a(t) = ra(t)a(t) — balt — ) ex (~ [

t—T7o

t

t rg(s)ds) x2(t — T2),

where x;(t) and y;(t) (i = 1,2) represent the densities of mature and immature
species at time ¢t > 0, respectively. b;(t), a;;(t), ri(t), di(t) (i, = 1,2) are all
nonnegative continuous and w-periodic functions. They obtained a set of sufficient
conditions which ensure the extinction of the second species and the global attrac-
tivity of the first species.
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On the other hand, corresponding to system (1.1), the formulation of the al-
lelopathic interaction as c123(t)z2(t), is the most simplest way to fulfill the concept
of allelopathic interaction in which one species release toxic substance to the other
species, and this effect is zero during the absence of affected species. And Chat-
topadhyay [9] demonstrated that an inhibitory allelopathic term has stabilizing effect
on the competitive coexistence of two competitive phytoplankton species. Recent-
ly, Bandyopadhyay [10] considered an allelopathic phytoplankton model where two
phytoplankton species compete for the access to the common nutrient with modified
allelopathic interaction term as suggested by Sole et al. [11]. This model is governed
by the following nonlinear ordinary differential equations

i1(t) = 21 (8)[K1 — arz1(t) — braa(t) — cxy (t)a3(t)],
Eo(t) = xo(t)[K2 — agwa(t) — baxy (t)],

where ¢ denotes the rate of toxic inhibition by the first species and the second species

(1.4)

release toxic substance within the surrounding aquatic environment.

Stimulated by the works of Li and Chen [8] and Bandyopadhyay [10], Liu and
Li [12] proposed the following periodic stage-structured competitive systems with
toxic effect and double maturation delays

B1(0) = an (Baa(t) = (O (6) — et = ) exp (- [

t—71

71(s)ds) xo(t — 11),

t

a(1) = an (1 — 1) exp (- /1t n(s)ds)alt = m) (D))

—c1(t)za(t)y2(t) — p(t)x3(t)y3(t),

() = an(t)a(t) ~ 22 () — aalt — ) exp (~ [

t—To

t (1.5)

12(s)ds ) a(t — 72),

t

i) = aslt = rexp (~ [ a()ds)unlt ) - 2B (0)

t—T2
—ca(t)w2(t)y2(t),

where x1(t) and z2(t) represent the densities of mature and immature species 1
at time ¢t > 0, respectively; y1(¢) and y2(t) represent the densities of mature and
immature species 2 at time ¢t > 0, respectively. «a;(t), Bi(t), ri(t) (i,7 = 1,2) and
p(t) are all nonnegative continuous and w-periodic functions.

Concerned with the persistent property of system (1.5), they obtained the fol-
lowing result:

Theorem A Assume that

L oL M _M L oL M _M
ayfy >ciay,  agfy >y o (Ho)

hold, then system (1.5) is permanent.
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Now we focus our attention on the autonomous stage-structured competition

system
z1(t) = aqwe(t) — a1 (t) — are™ "M May(t — 1),
() = 00 et =) = B0 —emaOunlt) —pROUEO,
U1(t) = aaya(t) — y2u1(t) — e 22ys(t — 72),
Ga(t) = ane 22ys(t — 1) — Bay3(t) — cowa(t)ya(t)
together with the following initial conditions
zi(t) = @i(t) >0, te(—1,0], i=12, )
Gilt) = vilt) >0, te (=70, i=12,
where 7 = max{7, 72}, a;, Bi, 7 (i =1,2) and p are all positive constants.
For the continuity of the initial conditions, it is required that
x1(0) = /0 a1pa(s)e’¥ds,  y1(0) = /O agtha(s)e?*ds. (1.8)
-7 —7

As a direct corollary of Theorem A, for system (1.6), we have the following result.
Corollary A Assume that

a1 > cron,  agf > caon (Hp)

hold, then system (1.6) is permanent.

Condition (Hjf) is independent of 7, ¢ = 1,2, which seems very strange, since
one may be expected by introducing the stage structure of the species, the stage
structure could influence on the dynamic behaviours of the system. Now lets consider
the following example.

Example 1.1 Consider the following system

#1(t) = 3wa(t) — 1 (t) — e 2o (t — 2),
Ta(t) = 3e2wa(t — 2) — 223(t) — w2(t)ya(t) — 223(1)y3 (1),
g1(t) = 2y2(t) — y1(t) — 2¢ 7 'ya(t — 1),
Ga(t) = 2e7 ya(t — 1) — y5(t) — z2(t)ya(t).
In this case, corresponding to system (1.6), one has
a1(t) =3, mt)=1, fi(t) =2, c(t)=1, p(t)=2,
az(t) =2, n(t)=1, B@)=1 «l)=1 n=2 n=L

By simple computation, one can see that

(1.9)

04152:3>2:Cl(12, 01251:4>32620q.
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Clearly, condition (H{)) holds, but numeric simulation (Figure 1) shows that in this
case species 1 will be driven to extinction.

solution

80 100 120

time t

Figure 1: Dynamic behaviors of system (1.9) with
initial values (z1(0), z2(0),y1(0), y2(0))
= (0.7782,0.3,0.3793,0.3) and (0.3891,
0.15,0.8850,0.7), 6 € (—2, 0], respectively.

The above numeric simulation shows that although condition (Hj) holds, some
of the species in system (1.6) maybe driven to extinction. Then two interesting
issues are proposed:

1. If condition (Hj) is not enough to ensure the permanence of system (1.6),
is it possible for us to find out some new sufficient conditions which ensure the
permanence of the system? Further, based on the persistent result, is it possible to
obtain sufficient conditions which ensure the global attractivity of the system?

2. Since numeric simulation shows that some of the species will be driven to
extinction, while Liu and Li [12] did not investigate the extinction property of system
(1.5), is it possible for us to obtain some sufficient conditions which ensure the
extinction of system (1.6).

The organization of this paper is as follows. In Section 2, we introduce some
useful lemmas. In Section 3, we study the global attractivity of system (1.6). In Sec-
tion 4, we investigate the extinction property of the system. In Section 5, numerical
simulations are presented to illustrate the feasibility of our main results.

2 Preliminaries

Now let us state several lemmas which will be useful in proving our main results.
Lemma 2.113 Consider the following equation

i(t) = ax(t — 6) — bx(t) — cx?(t),
z(t) >0, —0<t<0,

and assume that a,b,c > 0 and 6 > 0 are constants, then:
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. . _ a=b.
(i) If a > b, then tilgloox(t) = ;

C

(ii) if a < b, then tlzinoox(t) =0.

Lemma 2.20131  Consider the following equation
@(t) = dz(t — 6) — ex®(t),
z(t) >0, —o0<t<O0,

and assume that d,e > 0 and o > 0 are constants, then

Lemma 2.32122(Fluctuation Lemma) Let (t) be a bounded differentiable func-
tion on (a,00). Then there exist sequences v, — 00, 0, — 00 such that

(i) 2(yn) = 0 and x(v,) — limsupx(t) =T as n — 0o;
t—-+o0

(i) @(oy) — 0 and x(oy) — ltiLnJrinfx(t) =z asn— .

Lemma 2.4 Solutions of system (1.6) with initial conditions (1.7) and (1.8)
are positive for all t > 0.

3 Global Attractivity
It follows from the first and the third equation of (1.6) that,

t t
z1(t) = / a1wa(s)e”¥ds - e 1y (t) = / a1y2(s)e”?5ds - e 72t
t—71 t—T1o
Hence we only need to study x2(t) and y2(t), which directly implies the properties
of z1(t),y1(t). Therefore, in this paper, we consider the subsystem of system (1.6)
as follows
2(t) = are” M ay(t — 1) — Prad(t) — crwa(t)ya(t) — pr3(t)y3(t),
(3.1)
Go(t) = age™ 2 ys(t — ) — Bay3 (t) — cama(t)ya(?),

together with following initial conditions
xg(t) = (pg(t) > 0, yg(t) = ¢2(t> >0, te (—T, O],

where 7 = max{, 72 }. Before stating the main results of this section, we introduce
a set of conditions

—71T1 3 _ 27272
. woe <@7 0<p< B2(P152 26102)6 7 (Hy)

Bo  apeT2T2 Co o5

0116_717—1 c1 ale_’lel < Bl

_ <=, — ) H
e 272 T /82’ Qe 7272 Co ( 2)
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Lemma 3.1 If (Hy) holds, then system (3.1) has a unique interior positive
equilibrium E* (x5, y3).

Proof From (18) and (22) in Liu and Li [12], for any € > 0 enough small, there
exists a T such that for all ¢t > T,
aje” MM e 1272
— e, ) L — =
B () B2
Hence, to investigate the positive equilibrium of system (3.1), it is enough to discuss
the equilibrium on the region

$2(t) S

o e_’YlTl o e_’YQTZ
L 4, 0 <yo(t) < 27—1—5}.

B1 B2

The components of interior equilibrium point E*(z3,y3) are given by

D = {(@2.92)| 0 < 2s(t) <

are Mgy — Bi(x5)? — erasys — plas)2(y5)? = 0,

(3.2)
e 22ys — Bo(y3)* — corbys = 0,
which is equivalent to
" a2677272 _ B2y§
Ty = 5
C2
and y5 is a positive real root of the equation
szz3 — a2e77272pz2 + (ﬁl,Bg - 0162)2’ +a1e” M eg — ane” 223 = 0. (33)

To end the proof of Lemma 3.1, it is enough to show that (3.3) admits a unique
e~ V272

positive solution z € (0, T> Let

—y272
f(z)=az2+ b2 +cz+d, z€ (0, OQ;), (3.4)
2
where a = Bop > 0, b = —aoe™2p < 0, ¢ = f1P2 —c1ca > 0, d = ape” Mey —

ase” 1223 < 0. Note that
f'(z) = 3az® +2bz +c.
From the second inequality of condition (H;)
A = 4b% — 12ac = 4a2e7 21272 p% — 1262p(B1 82 — c1c9) < 0.

Also, f'(0) = ¢ > 0, hence f'(z) > 0 as z € (0, 0‘2%%) That is, f(z) is strictly

increasing in the interval (0, O‘Qeg%) Note that

f(0)=d <0,
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(pe 1272 age 272\ 3 B age 272\ 2
() () o
P2 f2 Ba

pe 272 o o
+(B182 — Cch)T +aie” "M ey — age” P By
2
—oT age” 272 —T —oT
= (e 72 251 — 01027B + e n leg — age 72 251
2

> 0.

Thus f(z) has one and only one solution in the interval (O, M), SO we can

obtain the existence and uniqueness of y3, that is, system (3.1) has a unique interior
positive equilibrium E*(z3,v3).

Lemma 3.2 If (Hi) holds, then system (1.6) has a unique interior positive
equilibrium E(x}, x5, y],v3).

Theorem 3.1 Let (z2(t),y2(t))T be any solution of system (3.1) with initial
conditions (3.2). Assume that the coefficients of system (3.1) satisfy condition (Hy),
then the unique interior equilibrium E* (x5, y3) of system (3.1) is globally attractive,
that is

li =23 1 =y
Jm zo(t) =23, lm ga(t) =y

Proof By the first equation of system (3.1), we have
.Ci?g(t) S ale_“ﬁ:zsg(t — 7'1) — ﬁll‘%(t) (3.5)

From Lemma 2.2 and (3.5), there exists a 71 > 0 such that for sufficiently small
e>0andt>1Ty, we get
—M171
poft) < &0 40 ) (3.6)
p
Similarly, for the above € > 0, from the second equation of system (3.1), it can be
obtained that

U2(t) < ane” 122ys(t — o) — Bgyg(t), for t > T3. (3.7)

By virtue of Lemma 2.2, there exists a T5 > T3 such that for the above € > 0 and
t > Th, it yields
o 6_727_2
p(t) < ZT e . (3.8)
2

Furthermore, it follows from the first equation of system (3.1) that
a(t) > are Mg (t — 1) — et MM aa(t) — (81 + p(MV)?)23(1). (3.9)

From Lemma 2.1 and (3.9), for the above ¢ > 0, there exists a T35 > T, such that
for t > T3, we get
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ae” N — ¢ M(l) def
zo(t) > =L e miY (3.10)
B+ p(My”)
provided that
aje” T > clMil). (3.11)
It follows from the second equation of system (3.1) that
Ga(t) > e 22yy(t — 1) — Baad(t) — ca MM ya(t). (3.12)

From Lemma 2.1 and (3.12), for the above ¢ > 0, there exists a T4 > T3 such that
for t > Ty, we get

_ 1
age” 22 — CQMQ( ) def (1)

ya(t) > (3.13)
B2
provided that
0126_72T2 > CQMQ(I). (314)
According to the first equation of system (3.1), we get that
; —MT _ _ (1) _ (1)y2y .2
t2(t) < age zo(t — 1) — cxmy 'xa(t) — (B + p(my ) ") z5(¢). (3.15)

From Lemma 2.1 and (3.15), for the above ¢ > 0, there exists a 75 > Ty such that
for t > T5, we get

(1)

7T
za(t) < G+ = (3.16)
B1+ P(m4 )
provided that
aje” T > clmfll). (3.17)

According to the second equation of model system (3.1), we get that

Ga(t) < e 2y (t — 1) — Bara(t) — com§Paa(t). (3.18)

From Lemma 2.1 and (3.18), for the above ¢ > 0, there exists a Ts > T5 such that

for t > Ty, we get
—y2T2 _ (1)
a2¢ oMy 4 £ def @ (3.19)
B2 2

y2(t) <

provided that
age” 1272 > Cngl). (3.20)

Furthermore, it follows from the first equation of system (3.1) that

.fg(t) Z ale_%”xg(t — T1> — cle)mg(t) — (51 + p(MiQ))2)$%(t) (3.21)
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From Lemma 2.1 and (3.21), for the above £ > 0, there exists a 77 > Tg such that
for t > T7, we get

e M — o MP) e ae (o
B+ p(M,”)
provided that
are” o> cle). (3.23)

It follows from the second equation of system (3.1) that

y2 (t) 2 Oéze_’mmyg(t — 7'2) — ﬁzl‘% (t) — 02M2(2)y2 (t) (3.24)

From Lemma 2.1 and (3.24), for the above ¢ > 0, there exists a Ty > T% such that
for t > Ty, we get
age 272 — 02M2(2) € def

2
= . m{? (3.25)

ya(t) =
provided that
age” 7272 > 02M2(2). (3.26)

It is easy to show that six inequalities (3.11), (3.14), (3.17), (3.20), (3.23) and (3.26)
hold if the first inequality of (H;) holds. Obviously

(1)

M2(2) _ ale*’hﬁ —cimy E < ale*’hﬂ oo M2(1)7
Br+ p(m§))? 2 &
@ 0 —amy) e age ™ )
b2 2 & (3.27)
(2) e~ T — ClMiQ) B £ e~ T — ClMil) o m(l)
BT 2T gt p(mY)? 27
mf) — ape” 1?7 — C2M2(2) _ ¢ > age” T — C2M2(1) —e= mz(ll).
B2 2 B2
Therefore
0<mi <m® < wy(t) < MP < MY, 525)

0< mgl) < mf) < ya(t) < Mf) < M4(1), t > Tk.

Furthermore, four sequences will be obtained by repeating the discussion in this
manner, which are given as follows

(n—1) (n—1)

(n) _ ale_ﬂﬂTl - Clm4 g (n) B a2€_727'2 _ Cgm2 €
MQ - 51 + p(mz(ln—l))Q + ﬁa M4 - 52 -+ ﬁ,
3.29
(n) 0416_717—1 - clMin) g (n) 0426_727-2 _ C2M2(n) e ( )
M2 = e g Tu = - —.
B+ p(My") n 65 n
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We claim that the sequences {Mi(n)} (1 = 2,4) are strictly decreasing as n increases

(

and the sequences {mzn)} (i = 2,4) are strictly increasing as n increases. We prove
this claim. Firstly, from (3.28), we get

M <MV WP smV =24

A i [ )

Assume that our claim is true for n, so

MM <MY M s D=9
By a simple computation, we obtain that
— (n) —Y17T1 (n—-1)
(n+1) _ a1e” L —cymy € aje —c1my € . (n)
M. - (n)\2 +TZ+1 B (n—1)\2 +5_M2 ’
B1 + P(m4 ) B1 + p(m4 )
B2 n+1 B2 n (3.30)
m(nH) e T — clMinH) € ape” T — 01M4(n) € m(")
= 2 2 Mas
By + p(Mf") ntl g4 p(MY) n
(nt1) _ Qe T — My ™ e o ey e i
v B2 n+1 B2 no 4
Therefore
O<m§1) <m§2) <- --<m§") <xo(t) <M2(") <~-<M2(2) <M2(1),
(3.31)

0<m{’ <m?

<oem <yt < MM <o MP <MY t>Ty,.
Hence, the limits of Mi(n),ml(»n), i1=2,4, n=1,2,--- exist. Denote that

lim M"Y =7, lim M =7,

n—+o00 n—+400
lim mgn) =2y, lim mgn) =y,.
n—-+00 n—-+00 Z2

Letting n — 400 in (3.29), we obtain
are” Ty — B1(T2)? — 1oy, — p(T2)*(y,)° = 0 = aze 27y, — Bo(y,)? — caTay,,
a1 MMz, — Bi(25)? — 1297 — p(22)(U2)* = 0 = age 277, — £2(3)” — 22975
Note that (Z2,y,) and (z,,7,) are positive solutions of (3.2), and

e 1Tl oe 7272
1T+57 Ya < Mil) = 274-&.

By Lemma 3.1, (3.2) has a unique positive solution E*(z3,y5) € D. Hence, we
conclude that

To < M2(1) =
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that is

li =z li = 3.
. _gnooxz(t) ZI _}+mooy2(t) Y5

Therefore, the unique interior equilibrium E*(x3,y3) of system (3.1) is globally at-
tractive.

Corollary 3.1 Let (x1(t), z2(t), y1(t), y2(t))T be any solution of system (1.6)
with initial conditions (1.7). Assume that the coefficients of system (1.6) satisfy
inequality (Hy), then the unique interior equilibrium E(x7, x5, yf,y5) of system (1.6)
is globally attractive, that is

lm z;(t) =27, lim y(t)=y, i=12.

t—4o00 t——+o00

4 Extinction

Lemma 4.1 Let (z1(t), z2(t),y1(t), y2(t))T be any solution of system (1.6) with
initial conditions (1.7). Assume that (Hg) holds, then there exists an o > 0 such
that y2(t) > « for all t > 0.

Proof It follows from Lemma 2.3 that limsup za(t) <
t—+o00

%(0‘2677272 — aleg:m) > 0, there exists a T' > 0 such that for ¢t > T

are M7 oen g1 =

Cc2

( ) ale_’YITl 1 a2€_727—2 ale_’yl’rl
2ot §7+51:f( + )
B1 2 2 B1
So, fort > T
a(t) = age  2™ys(t — 2) — Pays (t) — coma(t)ya(t)

e M7

A1

1
2 age” PPyp(t — 1) — 5 (042677272 + ¢

)yz(t) — Boy5(t)

L Ays(t — ) — Bya(t) — C3(1).

Let u(t) be a solution of the following equation
u(t) = Au(t — 70) — Bu(t) — Cu?(t)
with u(T + 712) = yo(T + 72). It follows from condition (Hg) that

1 —1T1
A—B= B (ozge_WT2 — cz&> > 0.

A

From Lemma 2.2

]. . E > )



412 ANN. OF APPL. MATH. Vol.33

Given ey = a1/2, there exists a 71 > T such that
yg(t)Zgl—egzal—oq/22a1/2, tZTl.

Let g = min{ya2(t) : 0 <t <71} > 0 and o = min{a1/2, a2} > 0. It follows that
y2(t) > o > 0 for all ¢ > 0. This completes the proof of Lemma 4.1.

Now we show that (Hog) together with (Hz) could lead to the extinction of the
first species, that is, in addition to (Hp), with some additional restriction, then the
first species will be driven to extinction.

Theorem 4.1 Let (x1(t), z2(t),y1(t), y2(t))T be any solution of system (1.6)
with initial conditions (1.7). Assume that (Ho) and (Hz) hold, then

tllgloo n(t) =0, tilgloo z2(t) = 0.
Proof By Lemma 2.4 we know that xo(t) and ya(t) are bounded and positive for

all t > 0. Let Tp = limsupxs(t) and y, = liminfys(¢). From Lemma 4.1 we know
t—+o00 - t—+00
that y, > @ > 0. Obviously Z > 0. To prove . liJrfl xo(t) = 0, it suffices to show
= —r+00

that Ty = 0. In order to get a contradiction, we suppose that Ty > 0. According
to the Fluctuation lemma, there exist sequences v, — +00, 0, — 400 such that
Z2(n) = 0, g2(on) = 0, z2(ym) = T2 and ya(on) — y, as n — oo.

It follows from the second equation of system (1.6) that

a(n) < are” MM 2o (v, — 1) — 175 (n) — c122(Yn) Y2 ()

<oe M sup  xa(t) — ﬁlx%(*yn) — c1x2(yp) inf yo(t).
tZ’Yn_TI tz'}/n

By taking the limit of the above inequality as n — +o00, we obtain the inequality
0< ale_“”fg — ,Blfg — legy?

That is
ale—717'1§2 > Blfg + clTZQZ' (4.1)

From the fourth equation of system (1.6), by a similar argument as above, we obtain
age’"m"’gz < Bgyg + 2T2y,- (4.2)

Multiplying (4.2) by —2L"2 L%, we obtain

age 1272

_ o ale_vl’rli ale_’YlTl _9
—aje vmm% > —f9 Tay, — C2 T3Y,- (4.3)

Qpe™ 1272 Qipe™ 272

Multiplying (4.1) by y,, and adding the corresponding inequality to (4.3), we obtain

ale—’hﬁ ale—’nﬁ

—2 — 2
0= <51 - C2W>$2y2 + (01 - /32W>5E2g2-
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That is
al e —V1T1

- 51)52 > ( 52 >y2 (4.4)

ale_’yl T1
( o€ 1272

2 aze_'YQTQ
From the first inequality in condition (Hs) and (4.4), we have

alei’yl T1
(c2

e )R 20 (4.5)

From the second inequality in condition (Hs), we have
co——— — (1 < 0. (4.6)

This together with (4.5) leads to Zo < 0, which is a contradiction, then we obtain
lim z5(t) = 0. (4.7)

t—4o00

aie 71

Hence, for 0 < ¢ < TTI sufficiently small, there exists a T} > T such that
x2(t) < e. Then we get

t t 1
z1(t) = / a12(s)e¥ds - e M < oqs/ 7—71e718ds et
t—m1 t—m1 J1

— D —e), t>Ti+7.
T
Setting € — 0, it follows that
t_lgrnoo x1(t) = 0. (4.8)

This completes the proof of Theorem 4.1.

5 Examples

Example 5.1 Consider the following autonomous stage-structured competitive
systems with toxic effect and double maturation delays

i1 (t) = 3xo(t) — w1 (t) — 3e2xo(t — 2),

Ba(t) = 3e 2wa(t — 2) — b3 (t) — w2(t)ya(t) — 223 (1)y3 (1),
(1) = 2y2(t) — y1(t) — 2¢7'ya(t — 1),
Ga(t) = 27 ya(t — 1) — 4y3(t) — 222()ya(t).

In this case, corresponding to system (1.6)

)
5.1
) (5.1)

a1:37 ’71:17 51:57 61:17 P:27
02:2, ’}/2:1, 52:4, 02:2, T1:2, 7'2:1.

By simple computation, one can see that
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1 —nm _ 2v2T2
a1 B 5 e g, S0A — ace

— = ~ 399.0090.
Bo 4’ C2 2’ Qe 1272 Oz%

Clearly, condition (H;) is satisfied. From Corollary 3.1, system (5.1) is globally
attractive. Numeric simulation (Figure 2) supports this findings.

solution

Figure 2: Dynamic behaviors of system (5.1) with
initial values (z1(0), z2(0),y1(0), y2(0))
= (0.5188,0.2,0.0126,0.01), (0.2594,0.1,
0.3793,0.3) and (0.3891,0.15,0.1770,0.14),
6 € (—=2,0], respectively.

Example 5.2 Now consider Example 1.1, in this case, one can easily check that

-nm
a_q By @ osss.
165 C2 Qpe™ 1272
Clearly, conditions (Hj)) and (Hj) are satisfied. From Theorem 4.1, species 1 will be
driven to extinction. The example illustrates that (Hj) is not sufficient condition
which guarantee the permanence of system (1.6).

6 Conclusion

In this paper, we consider an autonomous stage-structured competitive systems
with toxic effect. Theorem 3.1 shows that if the system without toxic substance is
globally attractive, and if the rate of toxic substance is restrict to some range such
that condition (H;) holds, then the toxic substance has influence on the the stability
property of the unique interior equilibrium of system (1.6). Theorem 4.1 shows that
although the condition (Hf)) holds, the first species still be driven to extinction if
additional condition (Hg) holds.

One of the interesting issue is to find out the dynamic behaviors of system
3B2(B1B2—c1c2)e®7272
a2
2

(3.1) under the assumption p > . We will leave this for future

investigation.
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